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SUMMARY 
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Some  classes  of  Non-l^irrtear  Second  Order  Elliptic  and  Parabolic 
Partial  Dif ferenti&l  Operators  affected  by  the  presence  of  a 
small  parameter  e  are  investigated. 

The  reduced  problem  (e  =  0)  is  characterized  by  the 
appearence  of  a  free  boundary  of  the  solutions. 

The  Existence,  Uniqueness  and  regularity  results  are  establised 
for  both  perturbed  and  reduced  problems.  Sharp  two-sided  estimates 
for  the  difference  of  the  solutions  of  the  perturbed  and  reduced 
problems  are  proved  and  some  constructive  procedures  are  found  out 
for  localizing  and  computing  the  free  boundary  of  the  reduced 
problem.  The  Kinetic  Theory  of  membranes  with  enzymotic  activity 
is  one  of  the  possible  fields  of  applications  of  the  results 
established,  the  small  parameter  being  the  so-called  Michaelis* 

. '  /  •  f  ,  • 

coefficient.  ,r  *  * .  >  •  *-  '  * 

.  ‘  '  r:  f ^ 


f 


LIST  OF  KEYWORDS 

Partial  Differential  Operators,  Singular  Perturbations,  Asymptotics, 
Variational  Calculus,  Kinetic  theory,  membranes  with  enzymotic 
activity,  Michaelis  coefficient. 


TABLE  OF  CENTENTS 


0. 

Notation.  Statement  of  problem 

PP  3-5 

I. 

Stationary  Problem 

1.1. 

General  properties  of  the  operators  considered 

pp  6-8 

1.2. 

Convergence  for  e  -*•  0 

pp  9-20 

1.3. 

The  critical  value  A  of  A 
c 

pp  21-24 

1.4. 

Estimates  for  the  critical  value  of  A 

pp  25-29 

1.5. 

The  critical  set  in  the  case  of  the  Laplacian 

pp  30-36 

1.6. 

The  asymptotic  behaviour  of  the  solution  to 

01.00  when  A  -*■  => 

pp  36-39a 

II. 

Non-stationary  Problem 

2.1. 

General  properties  of  the  operators  considered 

pp  40 

2.2. 

Convergence  as  t  +  “ 

pp  41-42 

2.3. 

Convergence  for  e  ■*  0 

pp  42-44 

2.4. 

Nonnegative  Solutions 

pp  44-45 

2.5. 

Special  solutions  of  Cauchy’s  problem  for 

the  reduced  operator 

pp  45-46 

2.6. 

Short  time  asymptotics 

pp  46-47 

2.7. 

Asymptotics  for  A  ■*  <® 

pp  47-49 

References 


L.S.  Frank  &  W.D.  Wendt 


Elliptic  and  Parabolic  Singular  Perturbations  in  the  Kinetic  Theory  of  Enzymes 

Introduction 

In  the  Kinetic  theory  of  membranes  with  enzymotic  activity,  a  second  order 
semilinear  parabolic  operator  appears  to  be  a  suitable  mathematical  model  for 
describing  the  dynamical  process  for  the  corresponding  concentrations.  The 
nonlinearity  of  this  operator  is  affected  by  the  presence  of  two  positive 
parameters:  £  ,  the  so-called  Michaelis*  constant,  and  X  ,  the  latter  being 
connected  with  the  ratio  of  initial  concentrations  of  the  enzyme  and  the 
substratum.  For  several  realistic  membranes,  £  is  small  compared  to  X 
and  the  data  of  the  problem  ([12]). 

For  each  £  >  0  fixed,  the  mathematical  model  above  fits  the  classical 
framework  of  Frfechet  differentiable  nonlinear  operators.  One  can  view  this 
model  as  a  family  of  perturbations  (regular  or  singular,  according  to  the 
magnitude  of  X  )  of  some  reduced  parabolic  operator  with  a  piecewise  constant 
discontinuous  nonlinearity.  The  same  is  also  true  for  the  corresponding  elliptic 
stationary  problem. 

Further,  far  the  stationary  problem,  there  exists  a  critical  value  X  of 

c 

the  second  parameter  X  ,  such  that  for  X  <  X^  the  original  problem  is  a 
regular  perturbation  of  the  "reduced”  one,  whereas  for  X  >  X^  ,  it  becomes 
a  singular  perturbation  and  is  characterized  by  the  presence  of  boundary  layers 
located  in  a  neighbourhood  of  the  free  boundary  of  the  solution  to  the  "reduced" 
problem.  The  set  of  zeroes  of  the  corresponding  critical  solution  u  c 

plays  an  important  role  in  the  investigation  of  the  reduced  problem. 

One  of  the  central  results  presented  here  is  the  sharp  error  estimate  in  the 
H^-norm  for  the  difference  of  the  solutions  to  the  perturbed  and  reduced 
problems.  Further,  X^  is  investigated  as  a  functional  of  the  data  of  the 
reduced  problem.  *■ 

Now  the  contents  of  the  paper  will  be  briefly  sketched. 

Part  I  deals  with  the  stationary  problem.  Section  1.1  contains  existence, 
uniqueness  and  regularity  results  as  well  as  continuity  results  for  the 
operators  considered.  In  section  1.2,  asymptotic  solutions  (for  t  +  0  )  of 

the  perturbed  stationary  problem  are  constructed  under  some  regularity 


-  1  - 


[ 


assumptions  on  the  free  boundary  and  the  sharp  H^-estimate  for  the  difference 
w  between  the  solutions  of  the  reduced  and  the  perturbed  problems  is 
established .  Namely ,  the  following  two-sided  estimate  holds  with  some  constant  C  : 
-1  V4  3/4 

C  E  <  ||W£  I]  <  C£  .  The  special  case  of  a  piecewise  linear  nonlinearity 

plays  an  important  role  and  allows  a  considerable  simplification  in  the 

construction  of  asymptotic  solutions  in  the  general  case,  as  well.  A  one-sided 

\/2 

estimate  of  the  form  ||w  ||  <  ct  ,  whose  proof  was  merely  based  on  the 

e 

monotonicity  of  the  nonlinearity  and  did  not  require  regularity  assumptions  on 

the  free  boundary,  had  previously  been  given  in  [2],  (see  also 

In  section  1.3,  properties  of  the  critical  value  X  are  stated  and  an 

c  _  i 

improved  convergence  result  of  the  form  ||w  |]  £  Ce(X  -  X)  is  established 

when  X  <  X^  .  Sections  1.4  and  1.5  contain  investigation  of  X  as  a 
functional  of  the  data. 


Estimates  of  X  from  above  and  from  below  are  indicated  and  the  formula 
c 

for  the  Frfechet  derivative  of  X^  stated  in  [6,8]  is  proved.  In  section  1.6,  the 
asymptotic  behaviour  for  X  •*  ®  of  the  solution  of  the  reduced  problem  and  of 
the  corresponding  free  boundary  are  investigated. 

In  Part  H  ,  the  nonstationary  problem  is  considered. 

Section  2.1  contains  existence,  uniqueness  and  regularity  results.  In  section  2.2 
it  is  shown  that  the  solution  of  the  stationary  problem  is  asymptotically  stable 
in  uniformly  with  respect  to  E  .In  section  2.3,  an  estimate  for  the 

difference  of  the  solutions  to  the  nonstationary  perturbed  and  reduced  problems 
is  proved.  Sections  2.4  and  2.5  deal  with  nonnegative  solutions  and  special 
solutions  of  the  Cauchy  problem  for  the  reduced  equation. 

Several  results  in  this  paper  have  been  announced  in  [6-B  ]. 

The  list  of  references  contains  essentially  papers  which  are  (to  the  best  of 
the  authors'  knowledge)  tightly  connected  with  the  topics  presented  here.  We 
refer  to  [15  ,  14  ,  4]  ,  [3]  ,  [5  ,  11]  ,  [l  ,  13  ,  10 ]  and  [16  ,  18-20]  for  more 
information  concerning  variational  inequalities,  maximal  monotone  operators, 
variational  calculus  and  fconvex  analysis,  free  boundary  problems  and  singular 
perturbation  theory. 


O.  Notation.  Statement  of  the  problem 


Let  U  c  R  be  a  bounded  domain  with  C  -boundary  3U  and  let  B+  =  (0,“) 
Denote, 


.  1}  Q  =  U  XE+  ,  CT  =  U  x  (0,T)  ,  r  =  3U  KB+  ,  =  3U  x  [0,T)  . 


Let  the  function  f  £  C  CR,R)  be  piecewise  continuously  differentiable: 
f  £  cl^[sk,sk+1] j  Vk  £  {0, ... , r-l}  ,  where  -»  =  SQ  <  <  .. .  <  s^  =  “>. 


It  is  also  assumed  that 


f(0)  =  0 


0  <  f  *  (s)  £  L ( 1  +  s  )  Vs  €  P-o.  {sj, . . .  »sr_j 


where  L  >  0  is  constant. 

As  a  consequence  of  (0.2),  f(s)  is  monotonically  increasing  on  K  and, 
moreover,  there  exist  the  limits 


lim  f  (s)  -  t  ,  ^  • 

S-^r” 

H(s)  being  Heaviside's  function,  we  associate  with  f(s)  the  following 
function 


f„(s)  =  f  «(s)  +f  Hi- s)  ,  Vs  £P'v{o)  ,  f  (0>  =  O  . 
0  •+“  — 00  o 


We  also  denote  by  F(s)  and  F^ts)  the  primitive  functions  of  f(s)  and 
f  (s)  normalized  by  the  condition:  F(0)  =  0  ,  F  (0)  =  0  .  Let 

r  \  - 

■  a  (x,t)  I  be  uniformly  with  respect  to  (x,t)  £Q  positive  definite 

\  K3  /i_k, jsn  m  _ 

and  let  a  (x,t)  £  C  (Q)  .  It  is  assumed  that  the  family 
*3 


/  *3  \  r  3  3 

'  *  V't,3»)  '  *ki  V  ' 


akj  £  C ■■  (Q)  , 


stabilizes,  as  t  -*•+<*>,  to  the  operator: 


A-(X'3x)  *  '1^j<n3xj  VX>3xk 


00  oo  — 

,  a,  £  C  (U)  . 


The  following  initial-boundary  value  problem  Oi.^  is  considered: 


-  3  - 


(x.t)  e  q 

x  €  u 

I  7T  u^(x',t)  =  <^(x',t)  ,  (X1,  t)  €  r 

L  0  e 

where  X,£  are  positive  parameters,  TrQ  is  the  restriction  operator  to  T  , 
the  data  is  supposed  to  have  the  following  regularity: 

g  £.C°(Q)  ,  £  C2(U)  ,  <f>  €  C2, 1  (D  , 

to  satisfy  the  compatibility  condition: 

(o.7)  tto<//(x')  =  <j>(x',o)  .  vx'  e  ao 

and  to  stabilize  to 


(0.6) 


A 

+  A(x'^K  +  Af(T)  =  g(x't} 


(x,0)  =  <)'ix) 


€  C°(U)  ,  ^  e  C20U)  , 


as  t  •*  . 


Here,  as  usual,  C °(Q)  is  the  space  of  all  continuous  in  Q  real-valued 
2  — 

functions,  C  (U)  is  the  space  of  all  twice  continuously  differentiable 

—  2  1 

real-valued  functions  in  U  and  C  '  (i)  is  the  space  of  all  continuous 
real-valued  functions  on  T  such  that  their  first  derivatives  with  respect 
to  (x‘,t)  €  T  and  the  second  derivatives  with  respect  to  x’  6  9U  are 
continuous  functions.  Hie  parameter  e  is  assumed  to  be  small  compared  to 
A  :  0  <  Z «X  . 


Along  with  the  problem  Ot  ^ 
problem  ■ 


we  also  consider  the  corresponding  stationary 


(0.8) 


If.u  lx') 

0  Z,w 


+  Xf 

4>„(x’) 


(¥)- 


x  €  u 

x1  e  3u  . 


Example  0.1.  With  A  =  -A  ,  f(s)  =  s(l  +  j  sj  > ,  the  problem  (0.6)  appears 
in  the  kinetic  theory  of  membranes  with  enzymotic  activity  ([12]). 


In  this  case  f  (s)  *  sgn  s  Vs  C  H^to)  .  Since  in  applications  one  is 

0  X 

essentially  interested  in  non-negative  solutions  (u  is  interpreted  as  the 


-  4  - 


dynamical  concentration  of  enzyme  in  this  case),  one  can  also  define  f (s) 
to  be  f(s)  =  s  +  (l  +  s)  *  with  s+  =  max(s,0)  .  Then  one  has  fQ(s)  =  H(s)  . 

Example  0,2.  Let  l,a+,a  £  be  fixed  and  let  f^  denote  the  piece- 
wise  linear  function 


f1(s)  =  H(s)  min{ls,a+}  +  H(-s)  max{ls,-a  } 

An  asyrr.ototic  (for  E  +  O)  solution  of  (K. X  with  f  =  f,  is  constructed 

E,00  1 

in  section  1.2  below  and  used  in  order  to  investigate  the  asymptotic  beha¬ 
viour  (for  £  4- 0)  of  the  solution  o(  with  general  f  . 

For  a  given  function  u  €  C°(Q)  (or  u  £  C°(U)  ),  denote  by  E+(u)  ,  E  (u) 
the  sets  where  u>0,u  =  0,u<0,  respectively,  whereas  X+(u>  »  Xq(u) 
X_(u)  stand  for  the  characteristic  functions  of  these  sets. 

We  associate  with  Oi X  the  following  "reduced"  problem  Oi^  : 

+  A(x,t,^)u^  +^f0(u7V)  =  9<x>t)  i-x0(uX)j  ,  (x,t)  e  o 


Xf  <  g(x,t)  <  Xf  , 

—CO  -f 03 


u  (x, 0)  =  ^  (x)  , 


tQU  (x  1  ,  t)  =  $  (x1  ,  t)  , 


(x,t)  £  int  Eq(u  ) 


x  £  U 


(x',t)  £  r 


The  solution  u  of  (0.9)  is  supposed  to  be  continuous  in  Q  ,  the  differed 
tial  equation  and  the  condition  Xf^  <  g(x,t)  <  Xf  in  (0.9)  are  interpre¬ 
ted  in  the  sense  of  Schwartz's  distributions. 


The  corresponding  stationary  "reduced"  problem is  stated  as  follows: 


A  (x,^-VX  +  Xf  (uX)  =  g  (x)f  1  -  x„(uX)  ]  , 

°°\  dxj  00  0  00  ^  °o  I  O  00  I  . 


(0. lo)  <  Xf  <  g  (x)  <  Xf  , 

—CO  CO  -fco 

t  (x’ )  =  <*>  ( x  * )  , 

O  00  oo 


x  £  U 


x  £  int  E_ (u  ) 
0  00 


x-  £  3U 


where  again  uX  £  C^(U)  ,  the  differential  equation  and  the  condition 
Xf  _  <  g^fx)  5  Af—  in  (0.10)  are  interpreted  in  the  distributional  sense. 
The  reduced  problems  (0.9), (0.10)  can  be  reformulated  in  terms  of  maximal 
monotone  operators  (see  [3]). 
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.  Stationary  problem 


.  General  crooerti.es  of  the  operators  considered 


Both  and  can  be  equivalently  reformulated  as  variational  minimi- 

£ ,  00  00 

zation.  problems  (see,  for  instance,  [5]),  where  the  corresponding  functionals 

De(u)  =  iT|  I  akjlx)‘lr  ^r+AeF(?)  ■9.u]dx 

e  UL  l<k,j<n  dXk  oxj  C  J 

d\u)  =  fjj  l  a”  .  (x)-^—  +  XF  (u)  -  g  u  dx 

lA2  IScTjSn  k3  3xk  3xj  °  " 

are  lower  semi-continuous,  coercive  and  strictly  convex  on  the  hyperplane 


x  -  r  "  ni 


u  €  H.  (U)  u  -  E  H 


o 

Here,  as  usual,  (U)  is  the  Sobolev  space  of  order  1  and  (U)  is 
the  subspace  of  those  functions  in  Hj  (U)  ,  for  which  traces  on  3U  vanish; 
further  is  the  solution  of  the  following  boundary  value  problem: 


(1 .1 .1) 


A“VX'3^/  00  =  9”(X)  '  X  £  ° 

«„(*•>  =  ^(x')  ,  xT  €  8u 


Usinc  the  eauivalent  variational  reformulation  of  ,CK ^  and  the  clas- 

-  E,°°  ® 

sical  a  priori  estimates  for  linear  second  order  elliptic  operators,  one 
gets  the  following  result: 


Theorem  1.1.1.  There  exist  well-defined  solutions 


ue  oc  €  c1,a(u)  ,  u*  £  c1,a(u)  ,  Va  €  [o,l) 

of  the  problems  Ot ^  M  and  ,  respectively. 

We  use  the  same  notation  &lc  „  f°r  ttie  operator 


(1.1.2) 


■  h2(u)  -  l2(uj  xh3/2Ou) 


associated  with  the  boundary  value  problem  (0.8),  where,  as  usual,  Hs(U) 
and  3^0(1)  stand  for  the  Sobolev  spaces  (of  orders  s  and  r  ,  respectively) 
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of  functions  in  U  and  on  3U  .  We  are  going  to  state  several  results 
concerning  the  continuity  properties  of  the  nonlinear  operator^  ^  m  and 


its  inverse. 


proposition  1.1.2.  For  any  given  £  >  0  ,  the  mapping  (1.1.2)  is  a  Lip- 
schitz-continuous  homeomorphism. 

Proposition  1.1.3.  For  any  given  4^  £  '  t*le  °Perator 

(Ocl  J"1  ( U)  -  n 

is  Lipschitz-continuous  uniformly  with  respect  to  e  . 

Prooosition  1.1.4.  With  the  solution  of  Oi^  .  the  maooing 

- - - -  £ ,“  £,°° 

K  3  X  -  uA  £  H,  (U) 

+  e,®  l 

is  Lipschitz-continuous  uniformly  with  respect  to  e  £  (O.Cg]  ,  thus  also 
for  e  =  o  . 1 

The  proofs  of  Propositions  1.1.2  -  1.1.4  essentially  use  the  fact 

that  f(s)  is  monotonically  increasing. 


proposition  1.1,5.  For  any  given  g  £  H  (U)  ,  the  operator 


(1.1.3) 


-)'1 


HI/2(3U)  3 


u'  „  £  H  (U) 
£ , 00  1 


is  Holder-continuous  with  exponent  a  =  —  uniformly  with  respect  to  e  . 
Moreover,  the  following  a  priori  estimate  holds: 


(1.1.4) 


«  1 
~  C(,‘4>1  L2(U)  +l'$l  ~  ^2^  Hj  (U) )  ' 


where  ,  j  =  1,2  ,  is  the  solution  of  the  linear  problem 


(1.1.5) 


" 0 ' 

x  £  U  , 

Vj "  ' 

x’  £  3U 

and  the  constant  C  does  not  depend  on  and  C 
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Proof.  Let  u.  =  (£?t  ( 4u»g)  and  denote  v_.  =  u^  -  ,  where  is 

■“  — “  j  £  *  D  3  3  J  3 

defined  by  (1.1.5).  Then  v  =  v  -  v2  is  the  solution  of  the  problem: 


(1.1.6) 


irQv  (x* )  =  O 


x1  £  3u 


The  inner  product  in  L  (U)  after  the  integration  by  part  yields: 

(x,vx v  x  ^ +xi[f('VL)  ■  f(-V)K  _$2 +v)dx  = 

u  3  **  U* 

•^K-£)h-v* 

The  monotonicity  of  f(s)  leads  to  the  inequality: 


(1.1.7) 


>K  vx  s  4©  -  4)1  ‘*i  - v* s 

£  2A  maxjf  ,  |  f  |  }  (meas  U)  ]|  4>  -  $  II  _ 

l  +“  J  12  L2(U) 


As  a  consequence  of  (1.1.7),  one  gets  the  estimate: 


'Vv'i  L  (U)  "  2Xy_1  maX{f->'if-~1i(l,’eaS  U)  1/2  !■  ~  °2‘‘ 

he  ellipticity  constant  for  ^  te)  .  Hence, 


where  p  is  the  ellipticity  constant  for 


Hence, 


(1.1.8) 


where  C.  depends  only  on  X,p,f  *  meas  U  and  the  constant  v  in 

X  ^  J  o 

the  Poincare's  inequality:  i[Vv | i  ,  2  V  |[v[]  „  ,  Vv  €  H  (U)  . 

-2-'  L2(U)  1 


L  (U) 


As  a  consequence  of  (1.1.8),  one  gets  (1.1.4)  with  C  =  Cj + 1  . 


1.2.  Converacnce  for  €  -+0 


In  this  section,  an  estimate  for  the  H  -norm  of  u 

1  £,° 


u  is  given 


which  is  a  slight  generalization  of  the  result  established  previously 

in  [16,2],  Moreover,  if  the  free  boundary  3E  (u^)  is  a  sufficiently 

0  °°  X  X 

smooth  manifold,  it  is  proved  that  the  H  -norm  of  u  -u  is  of 

3/4  1  c'“  00 

order  0(e  )  as  e  + O  .  It  will  be  shown  in  the  next  section  that 

there  exists  a  critical  value  X  of  X  such  that  for  X  <X  , 

XX  c  06  “  c 

the  norm  of  u  -u  is  of  order  0(e)  as  e+0  . 

£  t  oo  oo 


Theorem  1.2.1.  Under  the  regularity  assumption 


(1.2.1) 


t_  e  c2ou)  ,  a  e  c°tu)  , 


the  fallowing  estimate  holds: 


(1.2.2) 


II  uX  -uA!  <  ce1/2 

11  £,“  HX(U) 


where  the  constant  C  depends  only  on  X.f.A^  and  u  . 

Theorem  1.2.1.  is  proved  by  using  the  monotonicity  of  f  and  the  fact 
that  the  functions  u^  w  can  be  characterized  as  solutions  of 

corresponding  elliptic  variational  inequalities.  , 

Using  a  compactness  argument  and  the  uniqueness  of  the  solution  u^ 
to  the  reduced  problem,  one  can  also  prove  the  following 

Proposition  1.2.2.  If  g  £  C°(U)  ,  <4  £  C2  Ou)  ,  then  one  has: 


(1.2.3) 


lim  u*  ~u*|  j  =0,  VO  £  [0,1) 

c+o  e'  1  c1,a(u) 


Now  we  are  going  to  establish  the  main  result  in  this  section. 


Theorem  1.2.3.  Assume  that  <f>  >  0  on  3u  ,  g  *  0  in  U  ,  that  the 

X  4 

free  boundary  3Eq(u00)  is  a  C  -manifold  of  dimension  n-1  ,  and  that 
the  function  f  satisfies  the  condition  (0.2).  Then  the  following 
estimate  holds: 


(1.2.4) 


lx  X  I 

u  -  u  : 

|  e,“  «  |  Hj  i 
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where  the  constant  C  does  not  depend  C  .  t 

One  constructs  asymptotic  solutions  of  the  problem  m  with  a 
specially  chosen  piecewise  linear  function  f  =  f^  in  order  to  prove 
this  theorem.  More  precisely,  introducing  the  fu^ption 


(1.2.5) 


f1(s)  =  H(s)  min  jls,  f^j  +  H(-s)  mpx  |ls,f_oo| 


where  H( s)  is  Heaviside's  function  and  the  parameter  1  >0  will  be 
chosen  later,  one  applies  an  appropriate  modification  Vishik-Lyuster- 
nik's  method  ([19, 20 ] ;  see  also  [16,18])  for  congt^ucting  asymptotic 
solutions  of  Ot^~  M  with  f(s)  =  f,  (s)  and  for  establishing  (1.2.4). 

For  x  in  a  sufficiently  small  neighbourhood  o|,  the  free  boundary 
3E„(u^)  ,  define  x’  £  3e  (u^)  ,  p  £  It  toy  the  relations: 

[x-x'l  =  min  .  U-y'|  =  diat^  (x,  3e  (u*)  )  =  jp| 
y'£3EQ(u  )  7 

\  ^ 

p  >0  on  E  (u  )  X 

+  A 

p  <o  on  eq(u  )  .  u”j 

If  x  €  E+(u^)  and  lies  in  the  neighbourhood  abov^,  (where  the  coordi¬ 
nates  (x',p)  are  well  defined),  then  the  operator  Am  can  be  rewrit¬ 
ten  as  follows: 


'A) = "  (a(x)rr+(bU)  +c(x-)V’^+B(x'v,)) 

°P  ap 

where  V’  denotes  the  gradient  with  respech,to._x^  £  3Eq(u  )  and 
where  B(x,V’)  is  a  differential  operator  of  secopd  order  with  suffi¬ 
ciently  smooth  coefficients.  Besides,  the  functjpng  a(x)  >0  ,  b(x)  , 
c(x)  are  sufficiently  smooth,  since  the  manifold  ,  3e  (u  )  is  supposed 
to  be  sufficiently  smooth*.  Let  ^  =  |x  £  U  *'"1  ^ 


U  =  {x  £  U 
Ere  l 


i Pi  >E 


1/3J 


j-p|0<  2G1 


I 


and 


denote  the  interior  ajidgthe  exterior  region, 


respectively.  In  UE  ^  '  an  asymptotic  solution  .^sought  in  the  fora 


(1.2.6) 


v£(x’,p) 


I  * 

2<jS3 


3/v(*vc.-1/24 


where  the  functions  v 


j 


j  =  2,3  ,  are  solutions  of  the  following 

xr 


boundary  value  problems  on  It  with  x’  €  3EQ(u  )wi playing  the  role  of 
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a  parameter: 


(1.2.7) 


(1.2.8) 


a(X'^'2(x,'a"?‘fl(V2<X''C3)  =  °  '  C 

v2(x%  =0(1)  .  C 

v2(x,,;l  =  ^2a(x,)^-1Xfoo^2 +0(1)  ,  C-+“ 

a(x1)lLi’2lx,.a  -Xf^v2(x- ,£> )v3(x\S)  =y3(x',C)  , 

v3(x*  .‘j;)  =  o(l)  » 

v3(x-,C)  =  Xf00(3!)"163<x,)C3  +0(1) 


c  e  * 

r  •+  _aj 
5  ■+•  +» 


with 


Y3(x’,0  =  -X^a(x’)j  1ap(x,)f1^v2(x,,?)^-^b(x')  +c(x')7'^v2? 
S3(x')  =  -^a  (x' )^-1ap(x' )  +  ^b(x')  +  c  (x’  )V’j^a  (x‘  )^ 


The  solution  of  (1.2.7) 


is  given  by 


Xfoo  ,2  1 

2a(x’);  +  21 


C  S  » 


Xf  l 


c 


„  y£(x’)' 

>vXf  ■ 


and,  (d/d;)v2  being  a  solution  of  the  homogeneous  differential  equation  in 
(1.2.18),  the  boundary  value  problem  for  v-j  can  be  solved  using  the 
variation  of  constants'  method. 

00 

Let  x  £  c0  be  a  function  which  is  identically  one  on  the  interval 
[-1,1]  and  the  support  of  which  is  contained  in  [-2,2]  .  Let  z  be 
defined  by 

(1.2.9)  ze  (x)  =  X^"1/3p)ve(x’.P)  +(l -X^~1/3p])u»^x) 

Obviously,  this  function  satisfies  the  boundary  condition  it^z  ~  <t> « 
on  3U  . 


Lemma  1.2.4.  There  exist  constants  C  ,  e  ,  such  that 
-  o 


A_z„  +  Xf 

CD  e 


an 


L2<U) 


S  ce 


5/6 


for  e  €  (0,eQ]  . 


11 


££°°L.  We  shall  proceed  by  SDlittino  h, 

y  putting  the  proof  in  several  steps. 


For  x  £  U  on  has: 

£  •  e 


u*  <x)  >  pp2  >  pc2/3 

with_aconstantp>0.Thus,  (*,  ,  E'V  <x>  >  pe~  1/3  and 

^  £  £  (°'C°]  '  £0  «*«ei.„tly  small.  Ihus. 
»  e  Ul(e  Z  i  s  o  for  e  e  (o,£  ]  .  xeu  , 

u  C ,  e 

(ii)  It  will  be  shown  that 

(1'2’101  Sfi(vJ*^3)-('1«vJ)»^;(.2).3)}|  2  scc 

.  L  (U  .) 

where  v  =  v  ( x'  r~*^2^  .. . .  E,i 

3  3  V.  P)  *  Wlthout  restriction  of  generality  one 

can  assuae  that  A  =  fm  =  1  Since  *  piecewise  ^  ^  6 

-on  on  the  left  hand  side  of  J0)  is  2ero  if  the  interval 


|v2+>iv3 


does  not  contain  l'1  .  Let  now 


se  a  {(x''p)  |  v2  + /ev3  <  r1  <  V2J  , 

If  <x'/p)  es  ,  then  c~1^2p>r  (x ' ) d~f  J\  ~ 3 

e  c  P^0«)-/l  a|x')  and 

2 

4"k 

Since  |v3(?)|  =0(?3)  ,  C  —  ,  one  obtains 


2  „  3  2  9 

P  -Cp  <  E  •  ?0(x*)2  <  P2 


-itt.coo.u.t  c.Ota,.  |„-^v,.,|SC£.Si„oe  } 

the  following  inequality  hold:  for  x  £  s  •  A  °  J 

C  ■ 

♦ 

h(v2 * '^3) - (fj <  V  ♦ /tf •  (Vj)» JJ  .  ji(.2«rc,3).,|  SCe*/2  . 

“*  iMq“Uty  1'Iolas  -1~.  the  oeanure  of  *  ls 

of  order.  0(e)  .  t 

(iii)  It  will  be  shown  that 

U.2.11,  |«.tetx(f1,V.f;(v,^)  l  s  „2/l 

'  1  c  (U  .  ) 
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Consider  first  the  region  [p[  <£ 


where  x  3  1  •  One  has 


Blx.V'lz^  =  B  (x,  V’ )  ^tv2  +  e3/,2v3^  =  0(e2//3) 


Thus,  with  £  =  £  p  ,  one  has 


Azp  +  A(  f  ^  (v^)  +  ►  Ef 


i'V^) 


2/3 

r  (x,  e)  +0(£  '  )  , 


where 


(1.2.12)  r(x,e)  =  -a(x' ) v2r^ (x1 , C)  +Xf1(v2>  + 


-  «i|-a  (x' )  (x1 ,  ^)  +  Af  ’  (v2)  Vj  -  £ap  (x ' )  v2^  (x ' , 1 

(b(x')  +cU‘)v)v2  ;(x''^)) 


=  o(c2/3) 


according  to  the  construction  of  v.  . 

In  the  region  £1/,3<|p|  < 2e1^3  ,  one  obtains 


Az  +?/f  (v  )  +  >  i£f '  (v  )v-,}  =  l  r.  (x, 
A  1  1  1  ^  0<i<2  1 


where  ,  O  < i  <  2  ,  are  given  by 


rQ(x,C)  =  r  (x,C )  -  (a  (x ' )  +pap(x'»)(l  -  X)f«pp  -  (v2?? 

-  (b  +  c V' )  (l  -  x) ^up  -  v2.j  +xb^ev2  +  c3//\3J  +  (1  -  xh 


ev2  +e  v3  I  +  (1  -x)Bu 


(x,  c)  =  -  2a  ( x ' )  e  1/,3x' (E_1/,3p)j^ev2  +  e3/,2v3  - 


-  (b  +cV')e“1/3x'  (e"1/3p)^ev2  +  e3/2v3  -  uXj 
r2  (x,E)  =  -a  (x)  E  2/,3X"iC  1//3p)^Ev2  +  E3/^2v3  - 


Using  the  boundary  conditions  for  and  the  asymptotic  expansion 

uX(x',p)  =  ^2a(x’)  j'^f^p2  +Af<o(3!)"1B3(x’)p3  +0(p4)  ,  p  *  0 
one  checks  easily  that 


sup  r  (x,C)  S  C£  ,  i  *  0,1,2  , 

1/3  1/3*  1  * 

€  '  <p<2e  ' 
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where  the  constant  C  does  not  depend  upon  £  .  Thus  (1.2.11)  is 
proved. 


\  2  \ 

(iv)  Since  u  (x)  >  pp  for  x  £  E+(u  )  with  a  constant  p  >0  , 


one  can  choose 


so  small  that  for  Ve  £  <0, En]  ,  Vx  £  U 

/  /  _  1  /  O  \  1/T  /  ^ 


x  £U  nu  .  Thus 

£,i  Ci e 


A  2  (x)  +  Xf ,  (  E  z  (x) 


=  a  2  (x)  +  Xf  (  £  z  (x) 

«  •  e  1\  e 


l2(u)  j 

L_ (U  .) 

2  e,i 


=  Ja.z^x)  +Xf1(v2  +  e1/2v3)||L2(U^i) 

+fi{v2V/Sv3)||  l2(uc 

+  X  !lfi(v2)  +f|(v2)e1/2v3-f1^v2+cr'2v 


L,(U  •  > 

\||2  E,1 


Wt! 


2 ‘“cl’ 


as  a  consequence  of  (1.2.10),  (1.2.11)  and  given  that  meas  (U  .)  = 
1/3  t,X 

»  0(C  '  )  ,  E  +0  . 

Lemma  1.2.4  is  proved. 

In  order  to  prove  Theorem  1.2.3  above,  several,  auxiliary  results  will 
be  needed. 


a 


Lemma  1.2.5.  There  exists  a  well  defined  value  of  the  parameter 
1  €  (0,m)  ,  such  that 

(1.2.13)  1(1)  =  f(f(v21}  (C))*fl(v21)  (C>))d^  =  O 

Proof.  Let  V(C)  =  (O  •  Then  Vj15  (Ottf=  l_1v(l1/2C>  •  Using 

the  substitution  ri  =  v(/ljC)  $  one  gets 

oo. 

/Inn  =  j(f d_1n)  -  f,(n) 

ox 

The  right  hand  side  is  a  strictly  decreasingyfunction  of  1  £  (0,“)  , 
so  that  1(1)  has  at  most  one  zero.  For  1  sufficiently  large,  one 
has  f  (l-1n)  -  fj  (n)  <0  Vn  >0  ,  so  that  nn  <0  for  1»1  .  Now 
1(1)  >0  for  1  sufficiently  small.  In  fact;  ,one  has: 
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(1.2.14) 


|  J^f  (i~Jn)  -  (t\)J  (v 

=  |  /(f d_1n) -f«)(v'(v"1  (n> ))”ldn  | 


<  cijn“3/2dn 


with  C  indeoendent  of  1  .  Hence, 


/LIU)  =  jff  (l-1n)  -  f  x  (n)  jfv1  ^v"1  (n)  'dri+Ofl)  ,  when  1+0 


Therefore, 


Urn  +1IU)  =  /(f«-fi( n))(v-(v"1(n)))'1dn>0  . 
and  Lemma  1.2.5  is  proved. 

We  choose  1  to  be  the  zero  of  1(1)  .  Let  h(s)  =  f  (s)  -f^(s)  , 

and  for  a>0  ,  define  U  =  {x  €  U  distfjx,  Se  (u^)  ^  >  al 
f  i  .  1  a  \  u  /  J 

Ra  =  €K  |  |p|  >a|  . 

We  choose  a>0  so  small  that  for  |p|  <a  ,  the  mapping  x-Mx',p) 
is  a  diffeomorohisra. 


Lemma  1,2.6.  There  exist  constants  C,CQ  >0  ,  which  do  not  depend 
upon  e  and  such  that  for  £  €  (0,e^]  holds: 

iii  !Kc‘1vx,)IIi2(V  s“ 

(ii)  !!h(v2(x’,e*1/2p'))!|  see 

(iii)  |jh(v2(«’.C-1/2p))i|H_i(^,  ^  ce3/4  .  . 

Proof.  (i)  For  x  £  U  HE  (u^)  ,  one  has:  z  (x)  =  u*  (x)  >  p>0  , 

where  p  does  not  depend  on  C,x  .  The  inequality  |h(s}|  S  C(1  +js|) 

and  the  fact  that  for  x  £  U  fl  E  (uS  ,  one  has:  z„  (x)  *  O  ,  so  that 
/  _i  \  a  O  «  £ 

h(  E  z£(x)  1  »  0  yield  the  first  part  of  the  Lemma. 

(ii)  Since  for  p  €  holds  v^x’ ,E~1/,2pj  £  £_1p  ,  where  p  does 
not  depend  on  x’,£  ,  the  second  inequality  can  be  proved  similarly 
to  the  first  one. 
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(iii)  Denote  t(x‘,s)  =  h^v^x'.s)^  .  One  has 

U.2..5,  !K*’’£'1/2»)!|H.1(DV,-,.< 


t(x\e-1/2p 


<  !l  tfx'  ,e""1/2p)lj  „  I!  t/x\e_1/V)!! 


it  H  ,  OE  XB) 
-1  o 


/  9 

LOe  XK  ) 

o  a 


Let  T(x',£)  =  Jt(x',s)ds  .  The  inequality  |t(x',s)|  <  C(1  +  s2)  , 

— oo 

which  holds  uniformly  with  respect  to  x'  £  9eq  ,  and  Lemma  1.2.5 
yield  jT(x,,C)|  5C(l+|s|)-1  .Thus,  T£L2(3EqxK)  and 


ll  \X  ’  ' e  1/2pj  H  OE  *R) 


-i  o  (peH^u) 


sup  il«p|l  l/t/x’ ,e"1/2p\i)(x’ ,p)dx’dpj 

p€H1  (U)  HjW)  I  A  J  I 

e''_l\x,,e  1//2p^0(x’ ,p)dx’dpj 


=  sup  >ii  _1  /e^^x’.e  1/2pj0(x’ ,p)dx’dp 

^H1  H^U) 

„  1/2  W  ,  -1/2  'll!  ,rl  ,i  5<Pu 

-  e  i!^(X  ,E  P),l  2  SUP  li  gDli  2 

*'  '  'U  hCoZ'XR)  tp£H1(U)  Hi(U)  9p  L2 


L  (U) 


As  a  consequence  of  (ii) ,  the  second  term  on  the  right  hand  side  of 

(1.2.15)  is  of  order  O(e)  and  that  ends  the  proof  of  Lemma  1.2.6. 


Lemma  1.2.7.  ( i)  There  exist  constants  C.E  .  such  that 

- - -  o 


(1.2.16)  c":j  v2(£_1/2p)  <e"1lz£(x)|  <C  v2(f1/2p)j  Vp  6  (0,a) 

Ve  £  (o,eQ] 


(ii)  There  exists  a  constant  C>0  such  that 


(1.2.17)  j|h(e"1zc(x))  -h(^v2(e-1/2p)  J|| 


_  £  ce3/4  Ve  €  (o,c  ] 

h  (UMJ  ) 
a 


proof.  (i)  For  0  <  p  <  e  ,  one  has 


c'L^x)  =  v2(e'1/2p)(l  +^v2(E"1/2p))_1E1/2v3(e"1/2p)) 


The  inequality 


v2(E-1p)“1G1/2v3(E-1/2p)  SCOS  ce1/3 


1R  - 


implies  chat  (1.2.  16)  holds  for  0  <  p  <  e^3  .  now  let  <  p  <  2c3/,:3  . 

Then 


e  12£(x)  =  v2<c'1/2p)^i  +ri  (c,x) y 


where  the  function 


-W2^-l\vlr-l/3^J/2, 
[ 


r j lc,x)  =  v2<e  p)  | x(c  p) c 


*3*( 


1//3p)Ye  1u?'{x)  -v,(E~1/2p) 


can  be  estimated  as  follows: 


r j (e,x) 


<  CP  <  2C£J/3  .  VC  €  (0,E  ]  , 


with  some  constant  C>0  . 
Finally,  let  2c^/'^<p<a  .  Then 


^(x)  =  c  Ju^(x)  =  e  1p2+o(p3>) 


=  v2(e'V2p)(i  +of(v2(£ 


and  (1.2.16)  is  proved. 

(ii)  The  left  hand  side  of  (1.2.17)  can  be  estimated  as  fellows: 


:  h  e 


1z£.(x))  -h^v. 

S  /  .  (  sup  |h’  (DjjVjc”1*  (x)  - 
|pi<a\„.,_.  -1  .  '  1  e 


(E~1/2p))|j  2  < 

2  -'•>  l/(ifxUa) 

v_(e~1/2p)|  2dx 


GEIv^.e  2£) 


<  C 


J  (  sup  (1  +G2)~1)2!e"1z^(x)  -v,(E'1/2p)!2dx  + 

n<Tj aV 


0<p<a  V_  .  -1  , 

G£ (v_,e  z  ) 
2  e 

-1 


+  C  /  jc  1  z  (x)  -v  (E  1/,2p))2dx 
-a<p<0' 


Using  (1.2.16)  and  the  asymptotic  behaviour  of  v2(s)  for  £-*■«>  , 
one  obtains: 


■  e’^z^U) j  -  h^v2(e"J/2p) 


sc  j  (l  +  (e"1/2p)4)~2A  +c'1p3')2dp  +C  J 

CXP<a'  f  »  f  -aov 


L  (IKU  ) 
a 


CXp<a 
3/2 

s  ce  ve  €  (o, £0]  , 


0<p<0 


,  -J/2  .  2 
v,(e  p)  dp 
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where  C  does  not  depend  upon  e  ,  and  that  ends  the  proof  of 
Lemma  1.2.7. 

□ 


Proof  of  Theorem  1.2.3.  Let  1  £  (0,°°)  be  the  zero  of  the  function 
1(1)  defined  by  (1.2.13),  and  let  z^_  (x)  be  given  by  (1.2.9).  One 
has  : 

A“2e  +Afl(£~lzcCx))  =  rt(x)  ' 
where,  according  to  Lemma  1.2.4, 

d.2.18)  ||  rell  L  (0j  <  C£S/6  ,  Vc  £  (0 ,tQ]  , 


with  some  constant  C>  0  which  does  not  depend  on  e  . 

Writing  the  differential  equations  for  uX  and  for  z^  and  taking 

the  difference,  one  gets  for  uX  -  z^.  the  following  differential  equation. 

A®(uc  *  Zc)  ■"  A(f(e_lui (x) )  “  f(e~lze <5C) ))  = 

=  -r£(x)  -A(f(e‘1ze(x)j-f1(e“1ze(X>^ 

X  2 

Taking  the  inner  product  with  -  z  in  L  (U)  in  the  last  equation 
and  using  the  monotonicity  of  f  ,  one  gets  the  following  estimates: 


J  (uX  -  z  )  A  (uX  -  z  )  dx 

y  c  e  °°  e  e 


~  (  Kl!  H_j  (U)  +X  ||f(e"ize(X))'fl(e"lze(X,)i 


H_! t0) 


The  integration  by  part  and  Poincare's  Lemma  yield: 

,|ue'ze!l  Hl(U)  S  C  H_l(u)+  I!  f(e~lze <x> )  -  f  l(e~J  ze <x) )!! 

The  last  inequality  is  also  a  consequence  of  Proposition  1.1.3. 

According  to  (1.2.18),  the  first  term  on  the  right  hand  side  is  bounded 

.  o  5/6 
by  Ce 


According  to  the  Lemmas  1.2.6,  1.2.7,  the  second  term  can  be  estimated 
as  follows: 
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This  ends  the  proof  of  Theorem  1.2.3. 


Remark  1.2.8.  Consider  the  problem  01  in  U  =  (-1,1)  c 3R  with  f  =  f . 

- —  *"  £  f00  1 

defi.-.sd  in  (1.2.5)  and  A^  =  -  <^) 2  ,9^  =  0  ,  ?0o(x')  =  1  .  The  function 

u^Cx)  =  (A/2)(1x,  -?).  .  £  =  1-(2A  )  ^ ~  ,  is  the  solution  of  the  reduced 

X 

problem  .  Let  v„  be  the  solution  of  (1.2.7)  and  let 


(1.2.19)  z  (x)  = 
c 


ui<x>(!  -x<l*l  -o)  +  cv2^/J73( |xj  -£))x<i*l  -v 


Similarly  to  the  proof  of  Lemma  1.2.4,  one  checks  that 


(1.2.20) 


K+Afi(c  V  *  O- 

1  e  E  1  C  (U) 


where  the  constant  C  does  not  depend  on  e  -  Further,  n  z  =  1  . 

o  e 

Partial  integration  yields: 


(1.2.21) 


uA  -  z  <  Ce  , 

e,®  e|  H1(u) 


where  the  constant  C  does  not  depend  on  c  .  " 

Since  f^  (+0)  >0  ,  the  function  and  its  derivative  decrease 

exponentially  for  £-*■-<*>  .  Thus, 


(1.2.22) 


1f-e3/4  S|l*Ell  Hi.(-5,£)  Vc  G  (0'eo3  • 


where  the  constant  y  >0  does  not  depend  on  c  •  The  inequalities 
(1.2.21),  (1.2.22)  yield: 
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A  _  A 
||Ue,“  u°° 

j 


> 

\  A  A  | 

u  -  u 

H  (U) 

|  c »[ 

>17 

-  II  Z. 


C,“"  hx (-£.£)  -  "V  Hj  (-C.C)  li  C.»  e||  Hj  (0) 

>Ye3/4-c£ 

>  ^  C3/4  ,  Ve  €  (o.eJ  , 


where  £q  > 0  is  sufficiently  small.  Thus,  one  has  the  following  two- 
sided  error  estimate: 


U. 2. 23) 


-1  3/4  „ 
C  C  < 


I  A 

i  U£,° 


H1  (U) 


<  C£ 


3/4 


with  some  constant  C>0  which  does  not  depend  on  £  .  It  can  be 
shown  that  the  estimate  (1.2.23)  holds  in  the  general  case,  as  well, 
if  the  assumptions  of  Theorem  1.2.3  and  the  condition  f'(+0)  >0  are 
satisfied. 


Remark- 1.2,9.  If  g^  f  0  ,  then  the  same  argument  with  corresponding 

slight  modifications  in  the  construction  of  the  asymptotic  solutions 

of  the  problem^3,  _  with  f  =  f,  leads  to  the  same  estimate  under 
£  1 00  1 

the  assumptions  of  Theorem  1.2,3. 


1.3.  The  critical  value  X 


of  X  . 


If  $  (x*)  *  o  Vx'  £  3u  ,  then  some  critical  value  X  of  the  parameter  X 

oo  C 

plays  a  special  role  in  the  investigation  of  the  boundary  value  problem 
Oi m  .  Namely,  if  ^  >  o  ,  then  for  X  <  X^  the  problem  n  becomes  linear, 
whereas  for  X  >  X  it  is  a  nonlinear  problem  with  piecewise  constant 

C  ^  ^  q 

discontinuous  (across  3e  (u  )  )  nonlinearity.  Denote  by  c  (3U)  and  C  (3U) 

O  oo  -1  +  - 

the  cones  of  continuous  positive  and  negative  functions  on  3u  ,  respectively. 

Further  ,  let  G(x,y)  be  Green's  function  for  in  u  witl1  Diri- 

chlet  boundary  conditions  on  3u  and  denote  by  E(x,y')  the  Poisson  kernel 
for  the  Dirichlet  problem  for  the  equation  A^u  =  O  . 

Theorem  1.3.1.  (ij)  If  4^  £  C^(3U)  (respectively,  ^  £  C_(3u)  ),  then 

there  exists  a  well  defined  critical  value  X^  =  X*  (if^g^,)  (respectively, 

X  =  X  (i  ,c  )  ),  such  that 
c  c  00 


Vu°°>  *  0  if  X  <  Xc  , 


meas  ^Eo(u^)  U  E_(u^)^  >  O  if  X  >  (respectively,  meas^Eo(u^)  0  E+  (u^) J 

>  O  if  X  >  X  ) 
c 

(ii)  If  X  >  X  ,  then  u^  is  the  solution  of  the  linear  Droblem 
c  °° 


(1.3.1) 


(x)  =  g  <x)  -Xf  ,  x  £  U 


=^oo^')  * 


x1  £  3u 


If  g  *  0  ,  then  meas  E„  (u  °)  =0  . 

CO  0  00 

(iii)  The  functionals  X+  ,  X  can  be  represented  as  follows: 

c  c 


(1.3.2) 


X*(*  ,a  >  =  min  A*  (x)  , 
c  °°  00  -  ®  ,  a 

x£u  v»'y“ 


where  the  function  A,  is  defined  by: 


(1.3.3)  A*  (x)  =  (f  jG(x,y)dy)  1  (  /  E  (x,y  ’  )<f>c0(y  ’  )da  ,  +  /G(x,y  )gm  (y  )dy ) 

*  oo '  "<n  (J  '  U  ' 

The  proof  of  Theorem  1.3.1  is  similar  to  the  proof  of  Theorem  2  in  [9], 
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ProDOsition  1.3.2.  The  functional  < _ , g _ )  -►  A  (i  ,g  )  has  the  following 

- — - — -  00  OO  £2  CD  00  J 

properties: 


(i)  A+(ad  ,ag  )  =  aA+(if>  ,g  )  ,  Vet  >  0 

Q  ‘  CO  3CD  Q  OO  00 


<u>  *  4:2M21)  • **  <•  *  *  *i2) .  ^ 

uu,  x^»>  .  a  -v.*:2>  .  W."  ♦  a -v,?')  >-  K{*1" .,L") 

*  <1  -Y) *Y  £  lo.n. 


(iii)  A 


Proof.  One  proves  (i)  -  (iii),  using  the  formula  (1.3.2)  for  *  • 

Analogous  properties  has  the  functional  A  ((f^.g^)  . 

For  A  <  A^  ,  the  convergence  result  given  in  section  1.2  can  be  improved. 
One  has  the 


Theorem  1.3.3.  Assume  that  $  €  C  Ou)  and  that  A  >  A  .  Then  the  follo- 

-  “  +  c 

wing  estimate  holds: 

(1.3.4)  I'U^co  -  u«l!  w  (U)  -  Ccac"X)-1  '  Ve  >  0  '  Vp,  1  <  p  < 

1  2 ,  p 


where  the  constant  C  depends  only  upon  p,L,U,A  ,<J>  and  g 


proof.  Since  Ot  _  for  A<A  is  linear,  the  function  w  =  uX  -  uX  is 

■  0  f  OO  OO 

the  solution  of  the  problem: 


(1.3.5) 


A00W<X)  =  A[ft»"f(~T!')]  '  x  €  U 


TfQw(x' )  =  0  , 


x'£  3U  . 


One  can  write: 


A  Ac 

u  (x)  =  u  (x)  +  (A  -A)v(x)  ,  A  <  A  , 
oo  c  C 


where  v(x)  is  the  solution  of  the  problem 

A  v  (x)  =  1  ,  x  £  U 


(1 .3.6) 


*0v<x’)  =  0  ,  x'  £  3u 


Since  v(x)  >  0  ,  Vx  £  U  and  u  (x*)  >  0  ,  Vx'  £  9U  ,  one  can  find  a 
constant  y  >  0  such  that  the  sets: 
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Uj  =  jx  €  u  j  u  c(x)  >  y(Ac  -A)j  ,  U2  =  e  U 


v(x)  >  y(A  -A) 


cover  U  ,  so  that  one  has: 


u  (x)  >  y(X  -A)  ,  Vx  £  U 

oo  '  C 


Of  course,  y  depends  upon  <J>  and  ga 


du'1 


Denote  v  (x) 
£ 


-----  .  Then  v  is  the  solution  of  the  problem: 

3e  E 


V  f’(^)v  =  4  f  ■ „  ,  X  e  U 

°  C  e  \  e  )  e  2  \  e  /  e,» 


ttqv^  (x  '  )  =0  , 


x1  e  3u 


Since  f ’ (s)  >  0  ,  uX  >0  for  £  sufficiently  small  (because  uX  >  0  , 

_  ~  £ ~  °°  X 

Vx  £  U  ,  VX  <  X  ) ,  one  gets  the  conclusion  that  v  (x)  >  0  ,  so  that  u 

c  £  £,= 

is  monotonically  increasing  function  of  £  and,  in  particular,  one  has: 
uX  (x)  >  uX  (x)  >  y(A  -A)  ,  Vx  £  U  ,  c  >  O 

£ jCO  oo  C 


Hence, 


)  =  /  X  f’(s)ds<L-4—  < 
'  '  u  e+u 


y(xc-x) 


and 


(1.3.7) 


X 

,u 

-(  SjI 


f^0  -  fV“^i)||  Lp(U)  S  7  £(Xc"Xrl  (meaS  U) 


1/p 


As  a  consequence  of  the  a  priori  estimates  for  second  order  linear  elliptic 
operators,  one  gets,  using  (1.3.5),  (1.3.6),  the  estimate  (1.3.4). 


Corollary  1.3.4.  If  X  -X=E^,O<0<1,  then  uX  converges  to 

"  »"■—  r  f.00 

ac 

u_  in  W.  (U)  VP  <  00  ,  as  £  -*■  0  , 

*°  2,p 

Corollary  1.3.5.  If  A_  -  A  =  e®  ,  0  <  0  <  1  ,  then  uX  _  converges  to 
A  c  C  0  C' 

in  H^(U)  and  the  rate  of  convergence  is  0(e  )  .  In  fact,  let 

p  “  AC“A^  ^  .  Then,  using  Proposition  1.1.4  and  Theorem  1.3.3,  one  gets: 
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1.4.  Estimates  for  the  critical  value  of  1 


Let  G(x,y)  denote  Green's  function  for  the  operator  A  (x,|— )  with 

homogeneous  Dirichlet  boundary  conditions  and  let  E(x,y')  be  the 

Poisson  kernel  for  the  Dirichlet  problem  for  the  equation  A^u  =  0. 

Denote  by  C^(U)  and  C^OU)  the  cone  of  positive  continuous  functions 

on  U  and  3U,  respectively.  For  functions  g  £  C^(U)  and  4  £  C^OU), 

let  .‘^(g)  and  J<t(4)  be  their  mean  values  of  order  t: 

1_  ; 

■Vg)  =  ferinrr  l  g(x)tdx)t '  vc  €  m 

u  i 

■V4>  ■  !♦  •»•>*'>”,.)*  ■  vt  £  M 

o  U  ^ 

M  (4)  =  fb  l  4<x’)t')t  ,  Vt  £  m,  if  n  =  1. 

V  x 1 £3U  ' 

In  this  section,  it  is  assumed  that  g^  £  C^UJ),  4m  £  C^(3u) .  For  the 

investigation  of  the  functional  X  (4  ,g  ) ,  the  assumDtion  of  positivity 

c  ®  ® 

of  g^  is  not  a  restriction  of  the  generality.  Indeed,  (1.3.2)  implies 
that: 

X+(f  ,g  )  =  A+(g  ,g  +p)-(f  )  *p  Vp  £  3R. 

^  oo  a>  q  oo  cB  co 

Let 

(1.4.1.)  v(x)  =  /  G(x,y)dy 
U 

and  let  \  be  the  set  of  the  points  where  the  function  v  attains  a 

global  maximum.  For  functions  g  €  C^UJ),  4  £  C^OU),  and  for  Xg  £ 

define  the  mean  values  N  (g)  ,  N  (4)  as  follows:' 

X0  X0 

W  (g)  =  (v(xQ)>  1  /  G(xn,y)g (y)dy, 
x0  U 

M  (4)  =  J  E(x  ,y')4(y*)dO 
0  3U  .  y 

One  has  the 
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Preposition  1.4.1.  Let  U  e  IR0,  n  £  2.  For  V($  ,g  )  €  C^(3U)  *C^(U), 
Vt  >  0,  the  following  estimate  holds: 


(1.4.2.)  0M  («  >+p  U  (g  )  s  X  <4  ,g  )  * 

.  n  ■  t  - 1  “  c  “  “ 

'  2 

5(f)  min  (v(xn)  ($  )+i^  (°  )) 

*  *0£l  0  x0  *  *0 

where  the  constants  p,pt  are  given  by  the  formulae: 


p  =  (f  )  measOU)  •  nun  M  .(v(x)  E(x,-)) 

•  n-2 

xEU  - 

n 

p  =  (f  )  *meas(U)  •  min  M  (v(x)  *G(x,-)). 
e  *£“ 

Proof.  The  second  part  of  (1.4.2)  is  obtained  by  estimating  the  maxi 
mum  in  (1.3.3)  by  the  value  of  A*  at  x  =  x^. 

In  order  to  prove  the  first  part  of  (1.4.2),  note  that  for  positive 
functions  h,,h_,  and  for  p  >  1,  p  *+q  *  *  1,  HSlder's  inequality  can 
be  rewritten  as  follows: 


-1. 


_£ 


(1.4.3.)  /hj  >  (|h°h2)  (/ hq)  q. 


One  has: 


f  X+(<?  ,g  )  =  min  ((v(x)  1  /  E(x,y')i>  (y')da  ,  + 
C  x£u  3U  * 

+  ( v ( x) )  ^Glx.yJg^iyJdy) 

U 

,  -1 


£  min  ((vix))  /  E (x ,y ’ ) P  (y ’ ) da  ,)  + 


x€U 


3U 


+  rain  ((v(x))  1  /  GUjyJg^fyJdy)  . 
x£U  U 

In  order  to  estimate  the  first  term  from  below,  one  applies  (1.4.3) 
with  p  =  (n-2)  *n  and 

_  1_ 

hj  (y*)  -  (v(x)  )-1E(x,y')  ♦B>(y’) ,  h2(y')  *4'-(y')  P. 
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The  second  term  can  be  estimated  similarly,  with  p  =*  t  (t+1)  and 

_  l_ 

hj(y)  «  (v(x))  lGlx,y)<ja)ly) ,  h2(y)  =  g^y)  P. 

This  yields  the  claim  (1.4.2).  Q 


For  the  rest  of  this  section,  U  is  assumed  to  be  the  unit  ball 
in  lRn.  if  one  has: 


(1.4.4.)  A^tx,— )  •  -A,  fQ(s)  =  sgn  s. 


(1.4.5.)  g  (x)  3  0, 


the  estimate  (1.4.2)  takes  the  following  form: 


(1.4.6.)  2n  M  {<#.  )  ^  X  +  ((ji  ,0)  <  2n  M,  ($  ). 

n  »  c  »  1  “ 

2 

Indeed,  in  this  case,  the  number  P  can  be  computed  as  follows: 


P 


P 


min  2n(fl  )  1  f 
|x|<l  “  |y.|=l 


[x-y’  | 


min  2n  =  2n  if  n  i  3 
|x|<l 


min 

Ul<i 


4(«2) 


-1 


/  In  j  x-y ' ( da 
|y'|=l 


min  4  =  2n  if  n  -  2 
|x(<l 


where  (1  denotes  the  surface  of  the  unit  ball  in  3Rn. 
n 

The  following  result  shows  that  the  estimate  (1.4.6)  is  sharp. 


Proposition  1,4.2.  (i)  If  n  2  2,  then  there  exist  nonconstant  function 
€  C°(3U) ,  j  =  1,2,  such  that 


X  ($.,0)  =  2n  M  *  ($.),  X  ($,,0)  =  2n  M.  ($,) 
cl  .ni  c  i  z 


1  ~2 


that 


(ii)  There  are  no  positive  constants  c  and  5  such 

n  n 


or 


2n  M  ($)  *  A^(<#.,0)  V$  e  C°(3U) 

n  c  + 

1  -  ■=■+  c 
2  n 

A+($,0)  5  2n  M,  .  ($)  V$  £  C°(3U). 
n 
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Proof.  For  £  £  U-{0}  fixed,  let  $j(x*)  =  |x'-t|2,  x'  £  3U  (which  is, 
of  course,  the  restriction  to  3U  of  a  linear  function) . 

The  corresponding  critical  solution  is  the  function 


such  that: 

(1.4.7.)  A+($,,0)  =  2n  =  2n  A(  ($,). 

cl  .  n_  1 

2 

Let  $2  he  the  trace  on  3U  of  the  harmonic  function  l-t-^x^x^.  The  cor¬ 
responding  critical  solution  is  given  by  the  formula 

u2n(x)  =  |xj2+hx  x 

os  11  12 

such  that  X^(<*i2#0)  =  2n  =  2n  ,  where  in  the  last  step  the  mean 

value  theorem  for  harmonic  functions  was  used.  The  claim  (ii)  is  an 

immediate  consequence  of  (i)  and  of  the  following  monotonicity  property 

of  the  mean  value:  M  ($)  <  M  (<))  if  t.  <  t_  and  $  is  nonconstant  on 
fcl  C2  1 

33j.  □  Consider  now  the  one  dimensional  case  U  =  (-1,1). 


Proposition  1.4.3.  (i)  Under  the  assumption  (1.4.4),  one  has: 
(1.4.8.)  2A^(^J+2e_1M0(g J  s  s  2X1^^)+  /(l-|y|)g,.(y)dy. 

(ii)  Under  the  assumptions  (1.4.4),  (1.4.5),  one 


(1.4.9.)  A^^.O)  -  2.'.^<$J) 


Proof.  A  direct  computation  shows  that: 


(1.4.10.)  min  ((l-x2)  1  7  (l+x'x)$  (x'))=  2U,($  ). 

|x|<l  IS'  1-1  ‘  H 

This  proves  (1.4.9).  The  second  inequality  in  (1.4.8)  is  obtained 
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similarly  as  the  upper  bound  for  Xg  in  (1.4.2).  in  order  to  prove  the 
first  inequality  in  (1.4.8),  one  uses  (1.4.10)  and  Holder’s  inequality: 

X+($  ,g  )  =  min  2(l-x^)  *  ( *a  £  (l+x'x)$  (x*)  + 

|x|<l  lx- 1  =  1 

1 

+  J  Gfx.yJg^yJdy) 

-1 

2  min  ((1-xV1  l  (l+x'x^U') )  + 

|x|<l  I x* |=1 

2  -1  !■ 

+  min  2 (l-x*)  J  G (x,y) g  (y)dy 
|x|<l  -1 

2  2,U,  (A  )  +  p  Af  (g  )  Vt  >  0 

*2  ®  t  t  00 

with  pt  the  same  as  in  Proposition  1.4.1.  A  computation  shows  that 

p  =  2-(l+(t+l)  *t)  t  ,  such  that  lim  p  =  2e  * .  □ 

t+0 

As  an  extension  of  (1.4.9)  to  the  multidimensional  case  one  can 
mention  the  following  fact: if  ^(x'J  can  be  extended  as  a  linear 
function  on  the  ball,  then  X+<$  ,0)  =  M,  ..($  ).  (See  (1.4.7)).  Thus, 
an  exolicit  formula  can  be  given  for  A+(<4  ,0)  if  4  can  be  extended 

“  "  c  ao  a» 

as  a  linear  function.  It  seems  to  be  impossible  to  find  such  a  formula 
for  X^d^.O)  for  n  >  1  and  £  C^(3U)  (see  Remark  2  in  [9]). 
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l.S.  The  critical  set  in  the  case  of  the  Laplacian 

It  will  be  assumed  that 


(1.5.1.)  A  <x.~)  = 

"  dX 


-A,  tm  »  1. 


Denote 

def  Cl 

(1.5.2.)  E  (^,gj  *  Eq(v»  )  €  C  fOU)  *  C°(U) 

C»  <*>  o»  ^ 


where  is  the  solution  of  (1.3.1).  (If  X+  5  0,  then  the  proof  of 

®  Q  _  .1 

Theorem  1  . 3 . 1.  yields :  E  ($  ,g  )  =  E„(u  )). 

_  --  -  ^  ao  ao  (J  a> 


Theorem  1.5.1.  Let~(<»_.q  )  £  C°(3U)  x  ca(U)  with  g  £  (0flJ.  Then  for 
V5  £  E  (<J  , g  ),  there  exists  i)i_  £  C^(3U)  such  that: 

.  s»  «  ®  —  -  -  r  i 

(l.S. 3.)  Se(tm+6t  ,gj  m  {£},  VS  >  0 

X+ 

and, moreover ,  for_ the  solution  of  (1.3.1)  corresponding  to  the  data 

.  2 
C.+o^.g,,.  the  matrix  of  second  derivatives  D^v^.  (51.  is  positive  definite, 

VS  >  0. 

Proof .  Without  lossrof  generality,  it  will  be  assumed  that  f  =  1 . 

Define  the  function  ii^  £  C^(3U)  as  follows: 

(l.S. 4.)  f-(x’)  =  | x 1 -£ | 2,  Vx*  £  3U,  £  £  E  (A  ,g  ). 

^  1  C  ®  CD  ■ 


Denote  by  w*  the  solution  of  *  with  g^  =  0  and  the  boundary  condition 
X  + 

"0W  “  ♦g...  “or  X  =  X^fii^.O)  ,  'one  finds  easily  the  corresponding  critical 

solution: 


(x) 


|x-5|2 


H^(x)-2n  v  (x) 


where  ?_.is  the  harmonic  function  in  U, 


such  that  ffQ?£ 


and  v  is 
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defined  by  (1.4.1).  Hence 


X*<<^)  =  Aw  °(x)  =  2n . 


Further,  since  w  C(x)  >0  Vx  £  U\(£},  one  has: 


(1.5.5.)  A*  „(x)  d=E  (vU))-1*.  (x>  >  2n  =  A+  .(£)  =  min  A*  _(y). 

V°  5  V°  yeU  V 

Let  u^(x)  denote  the  solution  of  the  problem  for  1=0.  Using 

(1.5.5)  and  the  fact  that  £  is  a  global  minimum  of  A*  ,  one  gets: 

A*  (x)  d=f  (v(x))"1(u°(x)+6T  (x)) 

<f>  +0^  ,g  “  £ 

”  £  “ 

>  (v(x))'lu°(x)+6(v(£))“V(£)  > 

a,  £ 

S  (v(£) )  ”* (u°(£) +6Y _ ( £) )  =  A*  .  (£). 

«  £  <rOB+OV^»ga) 

Vx  £  U\{ £} . 

Therefore,  £  6  U  is  the  only  point  where  the  function  (x) 

“  £'9" 

attains  its  minimum.  As  <  ccnsequence,  the  function 
v  (x)  =  u°  (x) -X+  +5i>  ,g  )  v(x) 

1  ®  C  ^  CD 

is  such  that  E^v^)  =  ta¬ 
llow  the  second  claim  of  Theorem  1.5.1  will  be  proved.  A  straightforward 
computation  using  the  relations 


v6C(£)  =  0,  ?xv6C(£)  =  0 


yields  the  formula: 


(1.5.6.)  D2At  (£)  *  <v<£))"Vv  C(£),  V£  £  E-(u  C) 

m+0'))r,g  o  Uo 

"  £  « 


Hence, 


X 

D  v /(£)  -  v(£)DX  .  (£) 

6  V6V9- 

•v(U(dV  (£)>£dV  .(£)) 
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-  vU,°2AI..gJa+6Dx(,X^l2>|x=C 

2t  d  2n  Id. 

where  Id  denotes  the  identity  matrix.  0 

Now  we  are  ooinq  to  prove  that  for  g^  =  O  and  for  a  large  class  of  boundary 
functions  6  ,  the  set  E  (<!>  ,0)  consists  of  only  one  point. 

CO  Q  <X5 


Definition  1.5.2.  For  a  £  (0,1],  o“  is  defined  to  be  the  set  of  the  pairs 

(d  ,g  )  £  C°OU)  *  CQ(U),  such  that  the  critical  set  E  (<J  ,gj  contains 

“  ~  +  x 

only  one  Doint  £  and  such  that,  for  the  solution  of  (1.3.1), 

-  X. 

2  c 

the  Hessian  D  v  (6)  is  oositive  definite  at  £. 

CO 

As  a  consequence  of  Theorem  1.5.1,  the  set  Q+  is  dense  in  C+(3U)  *  C  (U) . 

Theorem  1.5.3.  0^  is  open  in  C^(3U)  x  c  (U) . 

Proof .  Let  (i^.g,,)  £  O®  and  {£}  =  Ec  - 

With  At  defined  by  (1.3.3),  one  gets  as  in  (1.5.6): 

£  /  C 

CD  J  CD 

(1.5.8.)  D2At  (5)  =  <v(£))_lD2v „C(0  *  2y  Id 
x  6  ,a  x  ® 

T  CD  ^00 

where  y  >  0.  Thus,  there  exists  a  constant  d^  >  0  such  that 
(1.5.9.)  D2At  (x)  >  y  Id,  Vx  €  B,  =  {x  €  U  j  jx-^i  <  6  }. 

*  ^-'9-  51  1 

Since  £  is  the  only  point  in  the  critical  set  and  therefore  the  only 
global  minimum  of  A  (x)  ,  on*?  can  choose  a  constant  ^  such  that 

'  9- 

(1.5.10.)  At  (x)  2  At  (£>+<5,,  Vx  £  U\B.  . 

*.'9.  *.'9..  2  61 

The  inequalities  (1.5.9),  (1.5.10)  will  be  used  in  order  to  show  that 
there  exists  a  constant  p  >  0  such  that  for  any  (^.h^)  £  C+(3U)  *  C  (U) , 
satisfying  the  condition 
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has  still  only  one  global  minimum.  Indeed,  one 


the  function  A+  . 
has  as  a  consequence  of  (1.3.3) 

(1.5.11.)  \+(i<  ,  h  )  =  nin  A  +  .  (x)  S  A+  .  (£)  <  A^  ( O  +o  (1  +  ( v  ( £)  )  ~ 1 )  . 

c  m  "  „  o,h  ’ii,h  9,o 

x£u  “  •  ®  t»  “  <» 

Since 

A+  .  (:<)  2  (v(x))  *  (nin  tj/  +  v(x)  min  h  ) 

ii  ,h  “ 

CO  OB 

2  (v(x))  (nin  $^-£>1  +  g^-P, 

and  since  the  function  v(x)  is  zero  on  the  boundary  3U,  one  can  choose 

+ 

>  0  such  that  for  p  sufficiently  snail,  all  global  ninina  of  A^  ^ 
are  contained  in  the  set 

U.  =  {x  £  U  I  dist (x , 3U)  2  6  }. 

63  3 

Indeed,  the  definition  of  A+  implies: 

A+  .  (x)  2  At  (x)-c(l+(v(x))_1) . 

Further,  (1.5.10),  (1.5.11)  yield  the  following  inequalities: 

At  .  (x)  2  At  (x)-p(l+v(x)  l) 

^„'h-  ^.*9- 

2  At  l?)*{,-D|l+(v(x))'1) 

>  At  .  (£)+6,-p(2+(v(x))_1+(v(£))"1) 

■K.  ^2 

2  nin  A,  ,  +  — r,  Vx  £  U  \B  , 

tVh.  2  63  dl 

provided  that  p  is  sufficiently  small.  Therefore,  for  such  p,  all 
global  minima  of  At  .  are  contained  in  the  set  B,  .  The  following 
estimate,  however,  shows  that  the  functions  At  .  are  strictly  con- 
vex  in  B  for  p  sufficiently  small.  Using  the  interior  Schauder 

o. 


estimate  and  (1.5.9),  one  finds  for  x  £  B, 


h  <x)  =  d2aI  (*>  ♦ 

X  X  <P  ><3 


2  —  i 

+  D  ((v(x))  (J  E(x.y')  (^lyM-^ty*)  )do  .  + 
3U  y 

+  /  G(x,y) (h^fyj-g  (y) )  dy 

U 


(1.5.12.)  dV  .  (x)  i  (y-Cp)Id,  Vx  £  B. 

x  ^  ,h  <S 


where  C  >  0  is  some  constant. 

Bence,  A*  ^  has  for  p  <<  1  only  one  global  minimum  and  the  set 

Ec<*.,hJ  contains  only  one  point  n  =  £  B.  .  (1.5.8)  and 

1 

(1.5.12)  yield  that  the  matrix  of  second  derivatives  of  the  corres¬ 
ponding  critical  solution  at  the  point  n  is  positive  definite.  0 


The  next  result  follows  immediately  from  the  Theorems  1.5.1,  1.5.3: 

Ccrollar-v  1  .5.4.  The  complement  of  0°  in  C^(3U)  x  Ca(U)  is  nowhere 
cense. 

•'"tret  1.5,5.  Let  (|itD,g^)  €  0°.  Then  the  functional 
(1.5.13.)  C°(3U)  x  C°  (U)  3  ($  ,g  )  -v  X+(<»  ,g  )  £  m 

is  Frecnet-cif ferentiable  at  and  its  variation  in  the 

direction  t'i^.h^)  is  given  by  the  formula: 

(1.5.14.)  6^(p°,g2)  •  =  (vtC))"1!/  E(£,y’)0jy’)da  + 

3U  y 

+  J  G(£,y)ha>(y)dy)  . 

U 

Here  {£}  =  Ec . <g°)  ,  G  is  Green's  function  of  the  Dirichlet  problem 
with  zero  boundary  condition  for  the  Poisson  equation  in  U,  and  the 
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functions  E  and  v  are  defined  by  E(x,y*)  •  Hq  — — G(x,y')  and  (1.4.1), 

y' 

respectively. 

Proof.  First,  one  has  to  show  that  the  function 
(1.5.15.)  s  •+  X  +  ($°+stJ<  ,g°+sh  ) 

C  r  o*  CO  CO  OO 

is  differentiable  at  s  =  0,  )  £  C®(DU)  *  Ca(U). 

Since  o“  is  open  in  C°(3U)  *  c“ (U) ,  one  has  the  following  formula: 

(1.5.16.)  X+  ((f/J+sij/^.g^+sh^)  =  A+g  q  (6( s) ) 

<p  *s<f>  ,g  +sh 

CO  OO  CO  CO 

where  A+  is  defined  by  (1.3.3)  and  6(s)  is  well  defined  by 
{ ^  ( s )  }  =  E^^+s^.g^+sh^)  for  I  s  j  sufficiently  small. 

Besides,  one  has  for  £(s)  the  following  equations: 


0  w 

**.■***. q  +sh 


(6(s>>  *  0. 


Since,  as  a  consequence  of  (1.5.8)), 

D2A+.  -(6(0))  =  v(£(0))_1D2v  C(£{0>)  2  y  Id,  r  >  0, 

X  U  U  X  00 

the  implicit  function  theorem  yields:  the  function  s  -*■  £(s)  £  U  is 
differentiable  for  |s|  sufficiently  small.  As  a  consequence  of  (1.5.16), 
the  regularity  of  the  function  A+(x),  x  £  U  and  the  differentiability 
of  £(s),  one  gets  the  conclusion  that  the  function  (1.5.15)  is  dif¬ 
ferentiable  at  s  =  0. 


A  straightforward  computation  using  the  relations: 

v  (6(0) )  =  0,  ?  v  (6(0))  =  0, 

cp  X  ® 


then  yields  the  formula  (1.5.14).  □ 

2 

Theorem  1.5.6.  Let  U  C  1R  be  a  bounded,  simply  connected  domain  and 
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let 

tial  operator  A 


i  e  C  OU) 

00  + 


(*4) 


D  .  If  the  coefficients  a  (x) 
are  real  analytic  in  U 


of  the  differen- 
then  the  critical  set 


Ec<’’a>'0)  consists  only  of  a  finite  number  of  points. 


2 

Theorem  1.5.7.  if  U  c  It  is  a  bounded  domain  (not  necessarily  simply 
connected)  and  if  the  coefficients  of  the  differential  operator  A^  are 
teal  analytic,  then  E  ($^,0)  is  the  collection  of  finitely  many  isolated 
points  and  a  finite  number  of  closed  analytic  curves. 

1 

The  proof  of  the  Theorems  1.5.6,  1.5.7  stated  above  is  similar  to  the  proof 
of  Theorem  5  and  Corollary  2  in  [91. 


It  should  be  mentioned  that  even  if 
exist  functions  t 

'  a 


U  is  the  unit  disk  in  B 


there 


€  C°(3U) 


such  that  the  set  E  (C  ,0)  contains  more 
CA  °° 

than  one  ooint.  Moreover,  in  this  case  the  set  E„(u  )  is  not  necessarily 

0  00 

connected  (see  [9]). 


1.6.  The  asvrototic  behaviour  of  the  solution  to  Ol^  when  X  -+  +°° 

—  -  - '  — - -  -  ■  -  - - -  —  ■  CO  —  ■  —  ■  — 

In  this  section,  an  asymptotic  formula  for  the  solution  u^  of  is 

indicated  and  an  error  estimate  in  the  maximum  norm  is  stated.  One  uses 
super-  and  subsoiutions  of  special  type  and  the  maximum  principle  for 
establishing  this  result  (see  [9],  Theorem  7  for  the  case  A  =  -A  ) . 

CO 

First,  consider  the  case 


(1.6.1) 


f  <  0  <  f  . 


For  simplicity,  it  will  be  assumed  from  now  on,  that 

n.6.2)  ?  e  c°  n  c2ou) 

ao  *f 


For  x  €  U  in  a  sufficiently  small  neighbourhood  of  3U  ,  let  x'  €  3U 
and  p  be  defined  by 


x-x'!  =  dist(x,3U)  = 


min  |  x  -  y  ’  { 


y'£3U 

Using  the  coordinates  x',p  ,  one  can  rewrite  the  operator  as  follows: 

,2 
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Here  a(x',p)  is  a  smooth  positive  function  am| . the  differential 

3  w  3 

operator  B  has  orders  2  and  1  in  and-  ,  respectively.  Using 

the  notation 

a(x*)  =  a(x\0)  =  l  a”  (x1)!!  (x')N  (x1) 
l^k,j<n  k3  *  3 

and  the  normalized  distance  , 

0X  =  ^fco  *  £2a(x,))  1j1//2p  » 

one  has: 


Theorem  1.6.1.  Under  the  assumptions  (1 . 6.  •  6. 2)  ,  the  function 


(1.6.3) 


"i£x>  -  ( 


where  s+  =  -max(s,0)  ,  is  an  asymptotic  solution^.of  Oi m  such  that 


(1.6.4) 


!u*-wX!  .  SCX-'/2. 

I  <o  CO  o  — 

1  *  r  (rn 


where  the  constant  C  does  not  depend  on  X  .  Moreover,  for  the  free 


boundary  3E  (u  )  holds: 
O  00 


(1.6.5)  3E  (u")  c 

o  00 


(x  €  U  I  I  (2$  (x'  )a(x3 )  (Xf  )  1  \  -  p 


s  e,!-} 


where-  the  constant  Cj  does  not  depend  on  X  . 

Assuming  again  (1.6.2),  we  consider  now  the  case;  0  =  f^  <  fm  . 

If  g  (x)  >  0  Vx  £  U  ,  then  the  function  (1.6-3)  is  still  an  asymptotic 
•  X 

solution  of  when  X  -*•  “  .  Using  super-  and  ^eubsolutions ,  one  shows 

that  (1.6.4),  (1.6.5)  are  valid  in  this  case,  as  well. 

If  g^lx)  <  O  Vx  £  U  ,  g^  £  Ctt(U)  ,  then  it  wil^l  turn  out  that  for  X  ♦  »  , 
the  solution  u^  converges  on  any  U^  cc  U  to  the  solution  z(x)  of 
the  linear  boundary  value  problem 


o(X'^)Z(X)  "  ®»<X>  X€U 


vQzW)  *=  0  , 


x’£  3U  . 
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In  a  neighbourhood  of 
behaviour  as  X  -*■  ®  . 


3u  the  solution  u  has  again  a  boundary  layer 


Let  8(x')  =  T,n-r^-{-x.' )  ,  x‘  €  3u  #  and  define  £(x')  to  be  the  Dositive 
dN  /  \  2 

solution  of  the  quadratic  equation  8(x')?(x‘)  +  l  Xfm  /  2a (x '  £(x‘)  =  ^(x') 

Let  U.  =Jx  £  U  j  P  <  £(x’)j  and  denote  by  wX(x)  ,  x  £  ,  the  solu¬ 

tion  of  the  following  boundary  value  problem: 


(1 .6.6) 


(  3  V 


<x)  =  g  (x) 


w„(x')  =  0  , 


x  6  U^U- 


x'  €  3u^  ^  3u 


On  the  set  ,  we  define  wM  as  follows: 


w* (p,x' )  =  8^  (x1 )  ^5  (x’ )  -  p^  +  ^Xf^  /  2a  (x' ) (x‘  )  -  p^2  , 


O  <  p  <  l  (x1  ) 


where  E^(x')  denotes  the  restriction  of  the  normal  derivative  to  3u^  /  3u 
of  the  solution  of  (1.6.6). 

"X  X 

The  function  defined  above,  is  a  formal  asymptotic  solution  of  m 

when  X  "*■  00  : 


^\x'33r}',“  +  (X +0(‘X))fo(w») +s®(x)xo(w»)  =  9<*>{x)  ' 


0  <  gm(x)  <  Xf^  , 

\  /2 

V®(x,)  =  ‘A*,)  +oa  >  - 


X  £  U 

x  G  int  E„ (w  ) 
0  00 

x’  £  3U 


Note  that  the  boundary  condition  is  satisfied  asymptotically  because 
-1/2 

C(x’)  =  0(X  )  when  X  ■*  “  holds  uniformly  w.r.t.  x’  £  3U  and  because 

-1/2 

the  Schauder  estimate  implies  that  [8  -8-,]  _  =  0(X  )  when  X  . 

A  C°(3U)  x 

Using  a  maximum  principle  argument,  one  finds  that  w^  is  an  asymptotic 
solution  of  when  X  -*■  ®>  . 

CO 

Note  that  in  the  case  f  m  =  0  <  f^  ,  independently  on  the  sign  of  g(x)  , 
u  converges  to  the  solution  u  of  the  following  problem  : 


O  S  gm{x)  , 

u(x)  £  0  , 

TTqU  (x  1  )  -  O  , 
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x  £  U 

x  £  int(EQ(u) ) 
x  £  U 
*  €  3U 


In  general,  (Xm  is,  of  course,  a  free  boundary  problem. 

It  can  be  reformulated  as  a  minimization  problem  as  follows: 


min 

u£°-:  (U) 
u<0 


!( 


(^Ja,  .  (x)u  u 
'■2L  kn  x,. 


g^txjutx) 


Finally,  consider  the  case  f^  <  0  -  f^  . 

For  \  S  naxff  *c  (x)  ,  the  function  u?'  does  not  depend  upon 

x£U \  “  J  ns 

coincides  with  the  solution  u  of  the  following  problem  tx  : 


and 


A»u(x)  =  _xo(u))  ' 

<  0  , 

u(x)  SO  , 

77oU(x’)  =  4„(x')  , 


x  e  u 

x  £  int (Eq (u) ) 
x  £  U 
x-  £  3u  . 


The  equivalent  formulation  as  a  minimization  problem  reads  as  follows: 


min  -f(4[av,  u„  -g„(x)u(x)  )dx 

u^j,  (U)  UV  k;l  XK  j  J 


uSo 


Remark  1.6.2.  One  can  consider  a  problem  with  more  general  non-linearity: 


(1.6.7) 


-Au*  + Xq' (u^)x  (u^)  =0,  x  e  U 

03  *  +  CD 


r  u  (x  1 )  =  <(>  (x  ' )  , 

\J  CD 


x'  e  U 


where  <f>  ( x ' )  >  0,  Vx '  €  3U,  A  >>  <f  and  q'(s)  is  monotonically  increasing  on 

the  interval  [0,f  J  with  <t  =  max  <Mx'). 

K  W  x'e3U  x 

Then  the  corresponding  asymptotic  solution  w  (x',p)  is  defined  by  the  formula 
<f(x*) 


(1.6.8) 


/ 


ds 


w*(x'  ,p) 


=  /"I*  p , 


where  q(s)  is  the  primitive  of  q'(s)  normalized  by  the  condition  q(0)  =  0. 
Moreover  for  the  free  boundary  3Eq(u*)  of  u^,  solution  to  (1.6.7),  holds: 
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ds  |  , -1 , 

7^qTS>  ■  pl  5  V  } 


«Mx') 

U .6.9)  3E  (u  )  C  {x  e  U  I  |  1 
U  0 

where  >  0  is  some  constant. 

In  case  of  a  general  second  order  elliptic  operator  the  distance  p 

in  (1.6.8),  (1.6.9)  has  to  be  replaced  by  the  normalized  distance  Pj 

defined  here  above. 
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33  .  Non-stationary  problem 


2.1 .  General  properties  of  the  operators  considered 
Denote 


(2.1.1)  B(Qt)  =L  ,  o  <  T  < 03  , 

where  H  (T  )  is  the  Sobolev  soace  of  all  functions  a  (x',t)  such  that 
a  m  s,r  T 

D  ,D  *£  L2 (F  )  V[a|  <  s  ,  ra  <  r  for  s  >  0  ,  r  >  0  integer;  if  s 

X  t  i 


and  r  are  not  necessarily  integer,  then 


H  (I\J 

s,  r  T 


is  defined  in  a  stan¬ 


dard  way  by  using  the  partition  of  unity  and  the  Fourier  transform.  Denote 
by  Ot  the  operator  associated  with  the  initial-boundary  value  problem 
(0.6)  : 


(2.1.2) 


b(qt) 


O  <  T  <  00 


Theorem  2.1.1.  For  any  given  t  >  O  ,  the  mapping  (2.1.2)  is  a  Lipschitz- 
continuous  homeomorphism. 


Theorem  2.  I  .2.  If  (g,\p,  p)  £  C°(Q)  *C2(U)  x  c"'  *  (D  and  the  compatibility 
condition  (0.7)  is  satisfied,  then  for  Va  £  [0,1)  uniformly  with  respect 
to  C  £  (0,£q]  holds: 


A  e  cl,a;  (l-KD/2  _ 


Theorem  2,1.3.  If  (g,ip,  <p)  £  C°(Q)  *  C2(U)  x  c2,  1  (D  and  (0.7)  is  satisfied, 
then  the  reduced  problem  has  a  well-defined  (distributional)  solution 

uX  £  C1,0t;  U+a)/2(Q)  Va  £  [0,1)  . 

Moreover,  the  set  [uX)_,  C  C*  ,a  >  ^  (  where  uX  is  the  solution 

of  ,  has  for  VT  <  “  as  its  only  condensatioh  point  the  solution  u 
of  Ot X  when  E  +  0  ,  so  that 


(2.1.3) 


lim  |!uX 

e+o  >'  c 


A 

u 


l,a; (l+a)/2 


(CT) 


0  VT  <  «  , 


Va  £  [0,1)  . 


The  proof  of  the  Theorems  2.1.1,  2.1.2  and  2.1.3  will  be  given  in  a  coming 
authors'  publication. 
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2.2.  Convergence  as  t  ■*  “ 


For  simplicity,  we  assume  that 

(2.2.1)  A(x't-jy  =  A«,(x'^)'  s<*io<x'>  *  glx.t)  s  9oo(X)  . 

Let  y  >  0  be  the  least  eigenvalue  of  A^  in  U  with  Dirichlet  boundary 
condition  on  3u  . 

Theorem  2.2.1.  The  stationary  solutions  uX  m  ,  uX  of  the  problems  Qih- 

\  G '  2  G 
and  £>£_  ,  respectively,  are  asymptotically  stable  in  L  (U)  as  t  ■+  00  , 

and  ,  moreover,  the  following  estimates  hold: 


(2.2.2) 


fuV,t)-u*  1,  <e"ytL-uX  1 

L  e  e'”JL2(u)  >-  £.*J, 

fuX(,,t)  ~ui]  ,  *  e"Wt[*-uM  2 

L  Jr.~(tn  1  JL  (U) 


vt  >  o  ,  ve  >  o 


vt  >  o  . 


Proof.  The  difference  w X  =  uX  -  uX  ..  is  the  solution  of  the  following 

-  e  c  c 

problem: 


'fx)we+X(f(G  1ug>  "  f  (e~lue><x>))  =°  '  (x,t)  £  Q 


T f +  A»(x'A)we  +X(f(G"lue)  -  f< 

wX(x,0)  =  <J.  (x)  -uX  m(-x)  ,  x  6  U 


^0WC  (x* ,  t)  -  o  ,  <x',t)  er 


Multiplying  the  differential  equation  with  w^  ,  integrating  by  parts  and 
using  the  fact  that  f  is  monotonically  increasing,  one  gets  the  following 
inequality: 


(2.2.3) 


t)l 

2  dt|V  'UJ 


2  +  (A00we,wE;)  SO,  Vt  >  O 


.  JL  (U) 


Now  the  inequality 


(2.2.4) 


2  0 

(A  w, w)  >  y[w]  Vw  e  H  (U) 

L  (U) 


and  Gronwall's  Lemma  yield  the  first  of  the  inequalities  (2.2.2).  The 
second  inequality  in  (2.2.2)  follows  rrom  the  first  one  and  from  (2.1.3) 
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Theorem  2.2.2. 


The  following  estimates  hold  under  the  assumption  (2.2.1): 


(2.2.5) 


[(\V- 


t) 


(2.2.6)  (A_(uc -uEi„>'uc -uEi 


A  , 

'e  =  (Vt 


wing  problem: 


r  ~  a 

'  0  V 


(2 


.2.7)  < 


=  °* 


e~Pt[AJf'  +  Xf(E~IW  -sj 

2  Vt,  I 

L  J1 

.  (U) 

5  e'^AjMAfU"1*)  -gm 

'  L  (U)  L 

J ; 

r.  x  i 

1/2 

•  ill  -  u 

~  C"  OO 

2  Vt 

C-  / 

L  (U) 

so  that  is  the  solution  of  t 

•  1,  -1  A  A 

Af’  (e  u*)v*  =  o  , 

(x,t)  e  Q 

Af  (e  V)  > 

x  G  U 

tx*,  t)  e  r 

1/2 
2  . 


Since  f  (s)  5  O  ,  one  gets,  using  (2.2.7): 

12 


(2.2.8) 


1  a  T  X  ,  .  ] 

2  dtlV'^J 


o  +  S  O  Vt  >  O 

L2UJ)  "  e  c 


Further,  (2.2.4)  and  Gronwall’s  lemma  yield  (2.2.5).  Using  (2.2.3),  (2.2.4) 
ar.d  (2.2.5),  one  obtains: 


(A 


X  A,l/2  .  J\  V  .  "j  1/2  ,  A.l, 


1/2 

2(U) 

1/2 

2(U) 


2.3.  Convergence  for  Z  4  0  . 

For  simplicity,  it  is  assumed  that 

(2.3.1)  g  *  O  ,  ip  >  O  ,  <p  >0. 


proposition  2,3.1.  Under  the  assumptions  (0.7),  (2.3.1),  the  following 
estimates  hold: 


(2.3.2) 


A, 

<x,t) 

u*(x,t) 


-  u* (X,  t) 
-U^lx.t) 


'  L2([o,T],H1(U)) 

L2(tO,»3,I,  (U) ) 
42  -  £ 


S  C(Te) 

,  „  1/2 
S  Cc 


1/2 


VT  >  0  , 


where  the  constant  C  depends  only  upon  A  ,  meas  U  ,  f  ,  the  ellipticity 
constant  of  A  and  upon  the  first  eigenvalue  of  (-A)  in  U  with  Diri- 
chlet  boundary  conditions  on  3u  . 


o  c  AAA 

Pr°ot •  The  difference  v£  =  u£  -  u  is  a  solution  of  the  following  problem. 

A 


:  < 


A  A  ,/  c  ,  A\ 

Vt'A  o(u  0  =  0  ' 


U-3  3) 


<  ve(x,0)  =  O  , 

!  =  o  , 


(x,t)  £  Q 
x  £  U 

x’  £  3u  ,  t  £  » 


Multiplying  the  differential  equation  with  and  integrating  by  parts, 

one  obtains 


Id,  A  ,'2 

-  - L  V  I  + 

2  dt  c J  2 

L  (U)  k,jU 


J-Jakj(x,t)(vj)k(vj)jdx+A  ( 

Eq(uA)UE_(uA) 


dx  = 


/u  \  , 

f  c  \A 

\  E  /  £ 

=  x  (fo(uX)  -<f)Kdx 


E+(UX) 

As  a  consequence  of  the  assumption  (2.3.1)  and  of  Proposition  2.4.1  below, 
E_(u  )  =0  and  v  S  0  .  Thus, 


^•XC,T) 


L  (U)  Q, 


A 

y  J I  Vxv^ 2dxdt  -  x  f[fw  -  f(T'))vc dxdt 


where  Y  >  O  is  the  ellipticity  constant  of  A  . 

Thus, 

(2.3.4)  i|-{vA]2  +yy[vA]2  <  A  /  (fn(uA)-f(^))vA  dx 

2  dt  C  L2(U)  £  L2(U)  E+(uA)  °  £  £ 

where  Y  >  0  si  the  ellipticity  constant  and  V  >  0  is  the  least  eigenvalue  of 

-A  with  homogeneous  Dirichlfet  boundary  condition  on  3U. 

The  integral  in  the  right  hand  side  of  the  last  inequality  can  be  estimated 
as  follows:  ^ 

u  a 

/  (f  -f(— )v  dx  <  C  /  — — r-(u-u)dx  Z 

(2.3.5)  U  A  C  E 

«c 

z  C e/  - r  dx  s  C  e  meas  U. 

U  e+uA 
e 

Using  (2.3.4),  (2.3.5)  and  Gronwall's  lemma,  one  gets  the  second  of  the 
inequalities  (2.3.3). 

Integrating  (2.3.4)  over  [0,T]  one  gets  the  first  of  the  inequalities  (2.3.2). 
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Similarly  to  section  1.2,  an  improved  estimate  for  the  rate  of  convergence 
of  u  to  u*  can  be  obtained  under  the  same  assumptions  upon  the  free 
boundary  of  the  solution  u  .  However,  the  construction  of  asymptotic 
solutions  in  this  case  is  somewhat  more  tedious  than  for  the  stationary 
problem. 


2.4.  Nonr.ecative  solutions 

Proposition  2.4.1.  If  g>0,{)>0,^0,  then  >  0  ,  >  0  . 

Proof.  Assume  that  the  set  E  (u^)  is  nonempty.  For  V(x,t)  £  E_(u^)  , 
one  has: 


<u*)t+A  =  9<x't)  -Xf(e  *u^)  S  0  . 

7.  X 

Moreover,  u  (x,t)  =  0  for  V(x,t)  £  3E  (u  )  .  The  maximum  principle 

X  C  X  - 

yields  u^.  >  O  in  E  (u£)  .  Thus  one  obtains  a  contradiction.  The  nonnega¬ 
tivity  of  is  proved  similarly. 


Let  v^  be  the  solution  of  the  following  linear  problem: 


r  -v  x 

3v 


(2. 4.1) 


t  +A(X't'^)VC+If'l°,VE  =  9  ’  (X,t>  £  2 


■{  v*(x,0 )  =  4>(x)  , 

^  Veu' ,t)  “  9  ,t5  ' 


%  €  U 

(x*,  ti  e  r  . 


Proposition  2.4.2.  Assume  f (s)  to  be  concave  and  the  data  to  be  non¬ 
negative.  Then  u^(x,t)  2:  v^  (x,  t)  V(x,  t)  £  Q  ,  where  v*  is  the  solution 
of  (2.4.1). 


Proof.  The  difference  w^  =  u^  -v^  is  a  solution  of  the  following  problem: 
(w^)  t  +  Aw^  +  x(f  (c  V)  -  1  (u^  -  w^)  =  he  (x,  t)  ,  (x,t)  £  Q 


w^(x,0)  *  0  , 
Fqw^ (x’,t)  =0  , 


x  £  0 

(x',t)  e  r  , 


where  the  function 


« 
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h  =  -f (e_1vX)  +c':f  (0)v* 
e  e  £ 


is  nonnecative  since  f  is  concave.  The  maximum  principle  yields: 

A  ^  - 

w  >  o  in  Q  . 

G 


Proposition  2.4.3.  If  >  0  ,  then  u^  is  a  monotonically  increasing 
function  of  e  >  O  . 

„  A 

\  A 

Proof.  Let  w  =  -r —  .  Then  w  is  the  solution  of  the  problem 
-  G  3  £  £ 

<“  „  A  •* 

-r— •  +  Aw^  +E  ^Af’fE  'uV  =  £^2Af‘  (E  1uSu^  ,  (X,  t)  £  Q  , 

ot  £  £  £  £  £ 


<  (x,0)  =0  , 


0  £ 


(X*  ,t)  =0  , 


x  e  u 

(x1,  t)  e  r 


As  a  consequence  of  the  maximum  principle,  one  finds  w  (x,t)  >  0  , 

—  '  \  e 
V(x,t)  €  Q  ,  since  f'(s)  S  O  ,  u  >  0  . 


2.5.  Special  solutions  of  Cauchy's  problem  for  the  reduced  operator 
In  this  section,  we  assume  that 

A(X't4)  = 

'  U  =  Rn 

f  (s)  =  sgns  ,  Vs  £  J?x{oJ  ,  fQ(0)  =  0 
g(x,t)  =  0  V(x,t)  eEn*E+  . 


We  indicate  the  following  two  types  of  special  nonnegative  solutions  of 
Cauchy's  problem  for  the  reduced  operator. 

(i)  Travelling  waves'  solutions: 

(2.5.1)  u^(x,t;w,5)  =  Aw  1 (x  •  5  -  wt) +  -  A| 5| 2w 

where  5  £  Bn  ,  w  €R\{0}  ana  s+  =  max  (s,0). 


1  -  exp1 


^-w| 


,-2 


(X  •  £  -  Wt) 
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(ii)  Similarity  solutions: 

These  are  solutions  of  the  form 


(2.5.2) 


X 

u 


(x,  t) 


where  v  (s)  ,  s  £  K+  ,  are  nonnegative  solutions  of  the  following  ordinary 
differential  equation 


(2.5.3) 


—  v"  ( s ) 


-(f*2r)v' 


!s)  +  v(s)  +Ax+(v(s))  = 


s  >  0 


so  that 

(2.5.4) 

If  n  = 


(2.5.5) 


v(s)  SO  is  given  by  the  formula 

v  (s)  =  (s2  +  2n)  ^c^  /?1_n(C2  +  2n)"2e"^  /V+c.J-X 

1  ,  one  finds  the  solution  of  the  Cauchy  problem 

^--^-~  +  Xx+(u^)  =  O  ,  x  £  H  ,  t>0 

A.  J3*  2 

u  (x,0)  =  x+ 


which  has  the  form  (2.5.2),  where 

(2.5.6)  v(s)  =  j  (s  +  2) [a  +  b  /  (£2  +  2)  2exp  (-?2/4) dg j  -  X,|h  (s  -  a)  . 

In  this  case,  the  free  boundary  is  a  parabola  x  =  ctv't"  .  One  gets  a  system 
of  three equa tions  for  the  parameters  a,b,a  ,  which  after  elimination  of 
a  and  b  leads  to  the  following  functional  equation  for  the  free  boundary 
parameter  a  : 

00 

(2.5.7)  (a2  +  2)-1  -  2a  exp(a2/4)J (£2  +  2)-2exp(-£2/4)d?  =  X-1  . 

a 

For  VX  >  o  the  equation  (2.5.7)  has  a  well-defined  solution  a  £»  . 

For  X  =  2  ,  one  gets  the  stationary  solution  u(x,t)  =  x+  . 


2,6.  Short  time  asymptotics 
Consider  the  Cauchy  problem: 


(2.6.1) 


xx 


+  Xx+  (u  )  =  0, 


u  (x,0)  =  4 <(x) 


x  £  JR  ,  t  >  0 
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where  iMx)  5  0  for  x  <  0,  iKx)  =  yx2+0(x2)  for  x+  0  and  ■  4»(x)  <  Cx2, 

Vx  e  IR+  with  some  constant  C  >  0. 

Denote  by  wX(x,t)  the  corresponding  similarity  solution: 


(2.6.2) 


w^-w*  +Ax,  (wS  =0,  x  c  IR  ,  t  >  0 
t  xx  + 


A  2 

w  (x,0)  =  yx+. 


W  (x,  t)  being  defined  by  the  formula  wX(x,t)  =  tvX  (^-)  with  vX(s)  given 
by  (2.5.6) ,  (2.5.7) . 

Then  the  following  estimate  holds: 


(2.6.3)  sup 


(x ,  t)  cQ 


|u*(x,t)-v/(x,t)  )  <  C  6 ,  V6  >  0, 
a  ,T 


wnere  Q  ={(x,t)  |  0  i  t  $  T{  ,  |x|  £  a6}  and  the  constant  C  does 

a ,i  a ,  T 

not  depend  of  6. 

One  proves  (2.6.3)  using  the  method  introduced  in  [21], 


2.7.  Asvnototics  for  A  -*•  <■» 


In  order  to  avoid  unnecessary  technical  complications  we  consider  here 

the  case  of  one  special  variable  x  £  U  =  (-1,1)  and  of  special  (constant)  tTSftXOi. 

A  ' 

initial  and  boundary  conditions.  Namely,  consider  the  problem C  (_  : 


Ut_Uxx+Xx+(uX)  =  (x,t)  e  u  *  M+ 


(2 .7 . 1 )  >,  u  (x,0)  =  1, 


rQu  (x’,t)  =  1, 


(x1 ,t)  £  3U  X  E 


Let  v(x,t)  be  the  solution  of  the  problem: 


(2.7.2) 


v  -v  =  1, 
t  XX 

v (x,0)  =  0, 


tQv  (x  1  ,  t)  =  0, 


(x,t)  e  U  x  3R, 


(x1  ,t)  e  3U  x  JR+  , 


and  let  t  (A)  be  defined  by  the  relation: 
c 

(2.7.3)  v(0,tc(A))  =  A-1. 

Then  for  t  c  [0,t  (A))  holds: 

....  . c  .... 


u  (x,t)  =  1-Av(x,t) 


Denote 


(2.7.4)  y  =  y(A)  «  A(l-v(0,t  (A)) 

c 
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and  let 


(2.7.5) 


A 

w 

■y 


(x,t)  be 
( wX )  -  (w 

y  t 

wX (x, 0)  = 

y 


the 

X) 

y  xx 
2 

YX 


similarity  solution  of  the  Cauchy  problem: 
+  Ax+(wX)  =  0  ,  (x,t)  c  1R  x  IR+ 


Theorem  2.7.1.  For  any  constants  T  >  0,  a  >  0,  there  exists  a  constant 
C  =  C (T , a)  such  that  for  the  solution  uX(x,t)  the  following  inequality 
holds : 


(2.7.6)  sup 


.  0 (x, t) -wX (x, t-t  (A))|  S  C(T,a)A 
-1  1  y  c  1 


0£t-t  (A)<TA 
c 

|x  |  SaA-*3 

where  t  (A),  y  ,  wX(x,t)  are  defined  by  (2 . 7 . 2) - (2. 7 . 5) . 
c  y 


0 
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Remark  2.7,2.  One  finds  easily  that  tc  ( A )  =  A^lTC^ 


Furthermore,  for 


0  <  t  <  tc(\)  the  following  asymptotic  formula  holds: 


(2.7.7) 

uX (x,t) 

=  (1-At)  +  0  ( A  *)  for  A  -*■  °> 

while  for 

v^t  >> 

1  one  has: 

(2.7.8) 

A, 

u  (x,t) 

~  uX  (x)  ,  A  -*■  <=, 

where 

u\x)  = 

CO 

CO 

(A/2)  l  |  x  |  - 1  +  /2  A~  ^ )  ^ 

is  the  solution  of  the  corresponding  stationary  problem. 

-t 

For  t  (A)  <  t  <  cA  '  one  has: 
c 

(2.7.9)  uX(x,t)  ~  v(A(t-t  (A)),  /T  dist(x,3U)) ,  >  -* , 

c 


where  v(i,c)  is  the  solution  of  the  problem: 


(  Vt"V«+X+(V)  =  °L 
(2.7.10)/  v(C,0)  =  1, 

V ( 0 , T )  =  1, 


(C,t)  e  IR+x  IR 
C  y  ffi 

+ 


Introducing  w  =  one  can  reformulate  (2.7.10)  as  the  following  slightly 
modified  Stefan  problem: 
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w  -w 
I  « 


(2.7.11) 


0,  0  <  i;  <  S(T),  T  £  B+ 

w(0,t)  =  0,  T  e  1R+ 

w(;,0)  =  -1,  (  ‘  ®+ 

w(s(t),t)  =  0,  w  (s(t) ,t)+s(t)  =0,  t  c  IR+ 
s  (“>)  =  J2 


the  curve  £  =  s(T)  being  the  free  boundary  for  the  solution  w(t),T)  of 
(2.7.11) . 

One  has  also: 


(2.7.12)  lira  v(C,T)  =  (l-C//?)^. 

The  proof  of  Theorem  2.7.1.  and  the  claims  stated  in  Remark  2.7.2, 
as  well  as  the  corresponding  generalizations,  will  be  presented  elsewhere. 
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